Differential Equationsand Linear Algebra 4th Edition Goode Solutions M anual
Full Download: http://testbanklive.com/downl oad/differential -equati ons-and-linear-al gebra-4th-edition-goode-sol utions-manual /

123

n Ln Yn

1 101 | —1.87392
2 102 | —1.36127
3 | 0.3 | —1.06476
4 104 | —0.86734
5 |1 0.5 | —0.72143
6 | 0.6 | —0.60353
7 | 0.7 | —0.50028
8 | 0.8 | —0.40303
9 | 0.9 | —0.30541
10 | 1.0 | —0.20195

Consequently the Runge-Kutta approximation to y(1) is y190 = —0.20195. Comparing this to the correspond-
ing Euler approximation from Problem 58 we have

lyrk — yr| = [0.20195 — 0.12355| = 0.07840.

3
63. Applying the Runge-Kutta method with 3/ = or + 2,29 = 1,y9 = 2, and h = 0.05 generates the
Y

sequence of approximants given in the table below.

n Ln Yn

1 | 1.05 | 2.17369
2 | 1.10 | 2.34506
3 | 1.15 | 2.51452
4 | 1.20 | 2.68235
5 | 1.25 | 2.84880
6 | 1.30 | 3.01404
7 | 1.35 | 3.17823
8 | 1.40 | 3.34151
9 | 1.45 | 3.50396
10 | 1.50 | 3.66568

Consequently the Runge-Kutta approximation to y(1.5) is y19 = 3.66568. Comparing this to the correspond-
ing Euler approximation from Problem 59 we have

lyrk — yu| = |3.66568 — 3.67185| = 0.00617.

Chapter 2 Solutions

Solutions to Section 2.1

True-False Review:

(a): TRUE. A diagonal matrix has no entries below the main diagonal, so it is upper triangular. Likewise,
it has no entries above the main diagonal, so it is also lower triangular.

(b): FALSE. An m x n matrix has m row vectors and n column vectors.
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(c): TRUE. This is a square matrix, and all entries off the main diagonal are zero, so it is a diagonal matrix
(the entries on the diagonal also happen to be zero, but this is not required).

(d): FALSE. The main diagonal entries of a skew-symmetric matrix must be zero. In this case, a1; = 4 # 0,
so this matrix is not skew-symmetric.

(e): FALSE. The form presented uses the same number along the entire main diagonal, but a symmetric
matrix need not have identical entries on the main diagonal.

(f): TRUE. Since A is symmetric, A = AT. Thus, (AT)T = A = AT, so AT is symmetric.
(g): FALSE. The trace of a matrix is the sum of the entries along the main diagonal.

(h): TRUE. If A is skew-symmetric, then AT = —A. But A and AT contain the same entries along the
main diagonal, so for AT = —A, both A and —A must have the same main diagonal. This is only possible
if all entries along the main diagonal are 0.

(i): TRUE. If A is both symmetric and skew-symmetric, then A = AT = — A, and A = —A is only possible
if all entries of A are zero.

(j): TRUE. Both matrix functions are defined for values of ¢ such that ¢ > 0.

(k): FALSE. The (3,2)-entry contains a function that is not defined for values of ¢ with ¢ < 3. So for
example, this matrix functions is not defined for ¢ = 2.

(1): TRUE. Each numerical entry of the matrix function is a constant function, which has domain R.

(m): FALSE. For instance, the matrix function A(t) = [t] and B(t) = [t?] satisfy A(0) = B(0), but A and
B are not the same matrix function.

Problems:

1(a). az1 =0,a04 = —1,a14 = 2,a30 = 2,a91 = 7,a34 = 4.

1(b). (1,4) and (3,2).

2(a). by = —1, b3z =4, byy =0, byz =8, bs; = —1, and bse = 9.
2(b). (1,2), (1,3), (2,1), (3,2), and (5, 1).

[ 1 5 .
3. = 3],2><2matrlx.
[2 1 -1 :
4. 0 4 _2}2><3matr1x.
[ -1
1 .
5. 10 4 x 1 matrix.
| —9
1 -3 -2
3 6 0 .
6. 9 7 E 4 x 3 matrix.
| 4 -1 5
[0 -1 2
7. 1 0 3 [; 3 x 3 matrix.
| 2 -3 0
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0 -1 -2 =3
1 0 -1 =2 .
8. 9 1 0 -1 ; 4 X 4 matrix.
| 3 2 1 -0
[2 3 4 5
3 4 5 6 .
9. 45 6 7T ; 4 X 4 matrix.
5 6 7 8
10. tr(A):lJr?) 4.
11. tr(A) =1+2+(-3) =
12. tr(A) =2+2+ (-5) =
13. Col pors: | L], 72
. Column vectors: 3] 5 |
Row vectors: [1 —1],[3 5].
! 3] —4
14. Column vectors: | —1 |, | —2 |, 5
| 2 6 7
Row vectors: [1 3 —4],[-1 —2 5],[2 6 7].

6
[ 2 10 6
15. Column vectors: 5 } ) [ 1 } | g ] Row vectors: [2 10 6],[5 —1 3].
1
3
)

1 2
16. A= | 3 4 |. Column vectors:
5 1

-2 0 4 -1 -1 -2 0 4 -1 -1
17.A—{ 9 4 4 0 8},columnvect0rs.[ 9],{_4},[_4}[ 0],{ 8]'

-2 —4
-6 —6
18. B = 3 0 ;rowvectors:[—? —4],[—6 —6],[3 0]7[—1 0]7[—2 1].
-1 0
| —2 1
2 5 01
19. B=| -1 7 0 2 |. Rowvectors: 250 1],[-1 70 2],4 —6 0 3].
| 4 -6 0 3
20. A = [aj,a9,...,a,] has p columns and each column g-vector has ¢ rows, so the resulting matrix has
dimensions g X p.
[2 0 0
21. One example: | 0 3 0
00 —1
[2 3 1 2
05 6 2
22. One example: 00 3 5
00 0 1
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23. One example:

3 00
24. One example: | 0 2 0
0 0 5

25. The only possibility here is the zero matrix:

o O O
o O O
o O O

26.

o O O
o O O
o O O

27. One example:

T
~
no
OOOl
~
o O OO
S

[ — t+2 0
28. One example: _ %*t ;_ 0 ]

29. One example: | t°+1 ]

30. One example: [ ?24+1 1 1 1 1 ]
31. One example: Let A and B be 1 x 1 matrix functions given by

A(t) = [t] and B(t) = [t?].

32. Let A be a symmetric upper triangular matrix. Then all elements below the main diagonal are zeros.
Consequently, since A is symmetric, all elements above the main diagonal must also be zero. Hence, the
only nonzero entries can occur along the main diagonal. That is, A is a diagonal matrix.

33. Since A is skew-symmetric, we know that a;; = —a;; for all (¢, 7). But since A is symmetric, we know
that a;; = aj; for all (¢,7). Thus, for all (7, 7), we must have —aj; = a;;. That is, a;; = 0 for all (i, 7). That
is, every element of A is zero.

Solutions to Section 2.2

True-False Review:

(a): FALSE. The correct statement is (AB)C' = A(BC), the associative law. A counterexample to the
particular statement given in this review item can be found in Problem 5.

(b): TRUE. Multiplying from left to right, we note that AB is an m x p matrix, and right multiplying AB
by the p x ¢ matrix C', we see that ABC' is an m X ¢ matrix.

(c): TRUE. We have (A + B)T = AT + BT = A+ B, so A+ B is symmetric.
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0 1 0 0 0 3
(d): FALSE. For example, let A = | =1 0 0 |,B = 0 0 0 Then A and B are skew-
0 0 0 -3 0 0
00 O
symmetric, but AB= | 0 0 —3 | is not symmetric.
00 O

(e): FALSE. The correct equation is (A+ B)? = A2+ AB+ BA+ B?. The statement is false since AB+ BA

o o mas=| Qo] mencarmr=| {0 ]

does not necessarily equal 2AB. For instance, if A = [ 0 0 0 0 0 0

and A%+ 2AB + B? — H g}#(A—kB)?.

(f): FALSE. For example, let A = [ 8 (1) } and B = [ (1) 8 ] Then AB = 0 even though A # 0 and
B # 0.

0 0 0 0 . .
(g): FALSE. For example, let A = { 10 } and let B = 00l Then A is not upper triangular,
despite the fact that AB is the zero matrix, hence automatically upper triangular.

1

(h): FALSE. For instance, the matrix A = [ 0 0

and yet A% = A.

} is neither the zero matrix nor the identity matrix,

(i): TRUE. The derivative of each entry of the matrix is zero, since in each entry, we take the derivative
of a constant, thus obtaining zero for each entry of the derivative of the matrix.

(j): FALSE. The correct statement is given in Problem 45. The problem with the statement as given is

that the second term should be %B, not B‘Z—‘?.

¢
(k): FALSE. For instance, the matrix function A = [ 28 32,5 ] satisfies A = 24 but A does not have
cet 0
the form [ 0 cet }

(1): TRUE. This follows by exactly the same proof as given in the text for matrices of numbers (see part
3 of Theorem 2.2.23).

Problems:
—10 30 5
1(a). 5A—{ 5 0 _15]
-6 -3 3
o o= 0 23]
—1+7 —142i
1(c). iC=| —1+3i —1+4
—1+57 —1+4+6¢
-6 11 3
@24 p[ 0 1 2]

1(e) A+30T:[1+3i 15 + 3i 16+3z’]

5+3t 12+31 15+ 3
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8 10 7
1(f). 3D—-2E=|1 4 9
17

—_

2

12 —3-3i —1+i
1(g). D+E+F=|3+i 3-2i 8
6  A+2i 2

1(h). Solving for G and simplifying, we have that

1 —-10 —1/2

3
G=—gA-B= 3/2 —4 17/2 |

1(i). Solving for H and simplifying, we have that H = 4F — D — 2F =

8§ —-20 -8 4 0 1 12 4—-61 2 -8  =24+6i —-9-—2
4 4 122 1-11 2 5| -] 2+2 —41 0 |=|1-2i 244 7
16 -8 —12 3 1 2 -2 10+4: 6 15 —19 — 4 —20

1(j). We have K7 = 2B — 3A, so that K = (2B — 3A)T = 2BT — 3AT. Thus,

2 0 —2 -1 10 3
K=2 1 4 1|-3 6 0|=]-16 8
-1 —4 1 -3 -5 1
-4 0 -1
2(a). -D=| -1 -2 -5
-3 -1 =2
2 0 8 0
2(b). 4BT =4 1 4| = 4 16
-1 -4 -4 -16
-2 -1 144 241 544 441
2(c). 2AT+C=-2| 6 0 |+ |3+i 44i | =] —94+7 4+i
1 -3 5441 641 3+i 12+
10 =25 —10 4 0 1 14 —-25 =9
2(d). 5E4+D=1| 5 5 15 0+]1 2 5|=]6 720
20 —10 -15 31 2 23 -9 -13 |
2(e). We have
-2 -1 2 0 14+i 2417 | —134+i —-5+2i
4AT —2BT +iC =14 6 0| -2 1 4 | +i| 3+ 4440 | = 214+3i —9+4i
1 -3 -1 —4 54+i 641 | 545 —5+6i
2(f). We have
8 —20 -8 12 3 9 —4 —-23 17
AE—-3DT = | 4 4 12 |-]10 6 3|= 4 -2 9
16 -8 —12 3 15 6 13 —23 —18
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2(g). We have (1 —6i)F' +iD =
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6—-36t —16—15¢ 641 43 0 1 6—-32¢ —16—15¢ 642
7T—95  —12-2 0 + |t 2t 5 | = 7T—4 —12 5%
—14+6:¢ 17—-28 3—1& Ji 1 2 —1+9 17-277 3 —16¢
2(h). Solving for G, we have
_ AT | -2 6 1 a1+ 3+i 54
G=A+U=0C" = 4 ¢ 3| 0D o0y 41 644
-2 6 1 L2 42 64
-1 0 -3 3—1 5—=3t T—5
0 10-2 T—4i
Sl 2-9 5-3i 4-50 |
2(i). Solve for H, we have
3 3
H=_-D-_-F I
5 2 + 313
6 0 3/2 3 -15/2 -3 100
=|3/2 3 152 |-|3/2 32 92 |[+|0 1 0
L 9/2 3/2 3 6 -3 —9/2 00 1
6 15/2 9/2
| o 92 3
| —3/2 9/2 2172
2(j).- We have KT = DT + ET — FT = (D+ E — F)7, so that
0 —7+31 —1—1
K=D+FE-F=|1—-1t 3+ 8
8 —6-2 4
3(a).
[ 5 10 -3
AB=197 2 3
3(b).
9
BC = 8
—6
3(c). C'A cannot be computed.
3(d).
1 3 . . 2—4i T4+13
ATE=| -1 1 [2__.2 zlji']: —2 143
2 4 ! ! 4—6i 10+ 18
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3(e).

3(f).

3(g).

3(h).

3(i).

33J)-

4(a).

4(b).

4(c).

4(d).
4(e).
A(f).
4(g)-

4(h).

2 -2 3
Ch=| -2 2 -3
4 —4 6
1 3]
c'aA"=[1 -1 2]| -1 1|=[6 10]
2 4 |
p2_ [ i 1-3 i 1-3i] [ -1 10—10i
I 0 4+i | 0 15+ 8
2 -1 3 2 15
BDT=1|5 1 2 -2 | = 14
4 6 -2 3 -10
1 3 10 2 14
ATA=1| -1 1 H 12}: 2 2 2
2 4 14 2 20

v 1—3¢ 2—1 144 | | =241 13-4
| 1—4i 4+18i

DC = [10]

DB=1[614 —4]

AD cannot be computed.
BF - 2—1 141 t 1—=3¢ | | 142 2-2¢
o -1 2+ 4 0 4+¢ | 1 1+ 178 |
Since AT is a 3 x 2 matrix and B is a 3 x 3 matrix, the product A7 B cannot be constructed.

Since C is a 3 x 1 matrix, it is impossible to form the product C' - C = C2.

pe_ [2-0 1+i 2@ 14i ] _[4-5 1+7i
T - 244 —i 244i | | 3—4i —11+415i |
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1 1 2 10
. T _ _
4(i). AD —{3 1 4} § _[16}
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2—i —i 1 -1 2 2 -4 -2 4—6i
: T A — —
4(‘])'EA{1+2' 2+4i}{3 1 4]{7—&-131’ 1+3i 10—}—182’]'
5. We have -
-2 8
-3 2 7 -1 8§ =3 -6 1
ABC = (AB)C = { 6 0 -3 —5] -1 -9 [ 1 5}
| 0 2
[ 15 -9 —6 1|
-9 65 15 |
[ —185 —460
B 119 316
and
-2 8
—6 1 -3 2 7 -1 8§ =3
CAB =C(AB) = 1 5} [ 6 0 -3 —5} -1 -9
0 2
| -6 1 15 —95
N 15 -9 65
[ —99 635
| 30 230 |°
6. :
13 6 1 3 0
S ERIE U IR R
7.
3 -1 4 2 3 -1 4 -13
Ac=12 1 5 3| =2(2]|+4+3 1| +(-4) |5 |=|-13 |.
7T —6 3 —4 7 —6 3 —16
8. i
-1 2 5 -1 2 -7
Ac = 4 7 {_1]5 4 | +(-1) T|=1] 13 |.
5 —4 | 5 —4 29
9. We have }
B a b c d| | za+yb+zc+wd
AC_I{e}er[f}jLZ[g_er[h}_{me—i—yf—i—zg—i—wh]'

10(a). The dimensions of B should be n x r in order that ABC' is defined.

10(b). The elements of the ith row of A are a;1, a2, ..., a;, and the elements of the jth column of BC' are

T r r
E blmcmj7 E meij7 R E bnmcmja
m=1 m=1 m=1
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so the element in the ith row and jth column of ABC' = A(BC) is

r s T
a1 E bimCmj + ai2 E bomCmj + -+ + ain E bpmCmj
m=1 m=1

m=1

k=1 m=1 k=1 \m=1
11(a).
2 1 -1 1 —1] [-1 —4
we=aa=|y Sl 5=
s .24 1 —4 1 1] [-9 —11
AT=A474 {8 7 2 3| | 22 13
4 a3, [ -9 —11 1 -1] [ -31 —24
AT=474 22 13“2 3}_[ 48 17
11(b).
0 1 0 0 1 0 -2 0 1
A2=AA=1| -2 0 1 -2 01| = 4 -3 0
4 -1 0 4 -1 0 2 4 -1
-2 0 1 0 1 0 4 -3 0
A% = A%A = 4 -3 0 -2 0 1]|= 6 4 -3
2 4 -1 4 -1 0 —-12 3 4
[ 4 -3 0 0 1 0 6 4 -3
At = A%A = 6 4 -3 -2 0 1]|=]-20 9 4
| -12 3 4 4 -1 0 10 —16 3

12(a). We apply the distributive property of matrix multiplication as follows:
(A+2B)? = (A+2B)(A+2B) = A(A+2B)+(2B)(A+2B) = (A+A(2B))+((2B)A+(2B)?) = A>4+2AB+2BA+4B2,
where scalar factors of 2 are moved in front of the terms since they commute with matrix multiplication.

12(b). We apply the distributive property of matrix multiplication as follows:

(A+B+C)?=(A+B+C)A+B+C)=A(A+B+C)+B(A+B+C)+C(A+B+C)
=A*’+ AB+ AC+BA+ B>+ BC+CA+CB+C?
= A’+B*4+C?+ AB+ BA+ AC + CA+ BC + CB,

as required.

12(c). We can use the formula for (A + B)? found in Example 2.2.20 and substitute —B for B throughout
the expression:

(A—B)> =A%+ A(~B)A+ (—B)A%? + (-B)?A+ A*(-B) + A(-B)* + (-B)A(-B) + (—-B)?
= A3 — ABA— BA?+ B2A— A’B + AB? + BAB — B3,

as needed.
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13. We have }
A2 2 =5 2 =5 _ —-26 20
6 —6||6 —6 24 6 |’
so that .
9 | —26 20 8 =20 8 0 [0 0
A+4A+18]2_[—24 6 | T[2a —2a|T 0 18] ][0 0
14. We have _
-1 0 4 -1 0 4 -7 12 —4
A% = 11 2 11 2|=|-4 7 6
-2 3 0] -2 30 5 3 =2
and
-1 0 4 -1 0 4 -1 0 4 -7 12 —4 -1 0 4 27 0 —4
A3 = 1 1 2 1 1 2 1 1 2 -4 7 6 1 1 2| =] -1 25 =2
-2 3 0 -2 3 0 -2 3 0 5 3 -2 -2 3 0 2 -3 26
Therefore, we have
27 0 —4 -1 0 4 26 0 O 0 0 O
AP+ A-26I3=| -1 25 -2 |4+| 1 1 2|—-]0 2 0 |=]0 00
2 -3 26 -2 3 0 0 0 26 0 0 O
15.
1 0 0 0 -1 0 1 10
A2=10 1 0|-]0 0 -1 |=]0 11
0 0 1 0 0 0 0 0 1
1 =z =z
Substituting A= | 0 1 y | for A, we have
0 0 1
1 = =z 1 = =z 1 1 0
0 1 vy 01 y|{=]011]/],
0 0 1 0 0 1 0 0 1
that is,
1 22 2z+4a2y 1 1 0
0 1 2y =10 1 1
0 0 1 0 0 1

Since corresponding elements of equal matrices are equal, we obtain the following implications:
y=1=y=1/2,
2 =1= a2 =1/2,
2z+2y=0=22+(1/2)(1/2) =0 = 2 = —1/8.

1 1/2 —1/8
Thus, A= 0 1 1/2
0 0 1
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2 _
16.InorderthatA2:A,Werequire[ v 1}{ v 1}:[ v zi},tha’cis,[ v =2 Ty =

-2y -2y -2 —2r—2y —2+y>
v 1 or equivalentl z? —z -2 rty—1 1 _ 0. Since corresponding elements of equal ma-
—92 ) quiv: Y _2$_2y+2 y2_y_2 — V2. Sp g S qu

trices are equal, it follows that

2 —rx—2=0=x2=—1lorz=2, and

yQ_y_2:0:>y:—10ry:2.
Two cases arise from z +y —1=0:

(a): If x = —1, then y = 2.
(b): If x = 2, then y = —1. Thus,

17. ]
fo 1][0 =] _[éi o] [t B
2= 0 ]li o]0 i |0 1]
[0 —i 1 o] [0 4] .Jo 1]_
295= 14 olo -1 |i o] "1 o]
1 0 o 1] [ o1] [0 —i
A= o0 [t o)1 o] T i o]
18.
[A,B] = AB — BA
[ =13 1] [3 1][1 -1
“l2 1|42 4 22 1
I T N O -
10 4 8 -2
—6 1
- 26}#02
19.

[A1, Ag) = A1 Ay — As Ay

1 o0][0 1
| ]10 0
[ 1

0

o]l t]

[A1, Ag] = A1 Az — AsAy

8}0—[?8][32]

} =05, thus A; and A3 commute.

(c)2017 Pearson Education. Inc.
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[Ag, Ag] = A A3 — A3 Ay
Jo 00] [00
B 1 0 1 0
0
1

AR RETRR

Then [Ag,AQ][AQ,Ag]{_é (1)}7&02. Thus, A; and Az do not commute.
20.
[A1, Ao] = Ay Ay — Ap Ay
_Lfo i f[fo —1] 1[0 —1][0 i
T4l 01 0 401 0][i 0
CLfio0] 1] =i o0
T4 0 =i 4| 0 i
1[28 0 1[i 0
410 —Qi]_Q[O —i]_A3'
[A2, A3] = A2 A3 — A3 Az
_lro —=1)[4i o) 1[i o][0 =1
T4 00 —i 400 =1 ][1 0
CLfo i ] 1[0 —i
4]0 4| —i
1[0 2 1o i
T4 2 0}_2{i o]‘Al'
[A3, A1] = A3 Ay — A1 A3
_1[d 0 0 4| 110 4 i 0
4 —1 i 0 411 0 0 —
1[0 -1] 1[0 1
T4 -1 0] 410
110 -2 170 -1
T4 2 0}2{1 O}AQ
21.

[A,[B,C]] + [B,[C, A]] + [C, [A, B]]

—[A,BC — CB| + [B,CA— AC] + [C, AB — BA]

= A(BC — CB) — (BC — CB)A+ B(CA— AC) — (CA— AC)B + C(AB — BA) — (AB — BA)C

= ABC — ACB — BCA+ CBA + BCA — BAC — CAB + ACB + CAB — CBA — ABC + BAC = 0.
22.

Proof that A(BC) = (AB)C: Let A = [a;;] be of size m x n, B = [b;;] be of size n x p, and C' = [cy] be
of size p x ¢q. Consider the (4, j)-element of (AB)C":

[(AB)C;; = Z (i aihbhk> Ckj = iaih (Z bhk@cj) = [A(BC)];;-
h=1 k=1

k=1 \h=1
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Proof that A(B + C) = AB + AC: We have

[AB+C)lij = > ain(bes + cxj)

k=1
n
= (aijb + aier;)
k=1
= Z Qikbrj + Z QikChj
k=1 k=1
= [AB + AC);;.

23.
Proof that (A7)T = A: Let A = [a;;]. Then AT = [a;;], so (AT)T = [a;;]T = a;; = A, as needed.
Proof that (A + C)T = AT + CT: Let A = [a;;] and C = [¢;;]. Then [(A+ C)'];; = [A+ ()i =
[Alji + [Clji = aji + ¢ji = [AT]y; + [CT]5; = [AT + CT];;. Hence, (A+C)T = AT + C7.
24. We have .
(IA)i; = Z dikQkj = 0iiij = Qij,

k=1

for 1 <i<mand 1 <j <p. Thus, Ly,Amxp = Amxp-

25. Let A = [a;;] and B = [b;;] be n x n matrices. Then

Zn: (i @kib k) = Z (Z bzkam> y <Z blkakz> = tr(BA).

k=1 =1 k=1 =1 \k=1
0o -7 —1]| ? 1
T AT _ - - _ —
sow. 5= 0T 1) [S] L] 2]
6
9 1 4 64 6
0 1 0 -7 -1 -4 1 -3
TRT _ —
26(b).- "B = 3 5 [—4 1 —3}_ —20 -16 —18
-2 -2 8 12 8

26(c). Since DT is a 3 x 3 matrix and A is a 1 x 3 matrix, it is not possible to compute the expression DT A.

-2 0 1
27(a). ADT=[ -3 -1 6]| 1 0 -2 |=[35 42 -7 ].
5 7 —1
-9 1 82 1 =22 16
0 1 -9 0 3 =2 1 1 5 =2
; T — —
27(b). First note that C* C = 3 5 115 2171222 5 34 —16 | Therefore,
-2 =2 16 -2 -16 8
82 1 =22 16 82 1 =22 16 7465 —59 —2803 1790
(CTOY = 1 1 5 =2 1 1 5 2| 59 31 185  —82
Tl —22 5 34 —16 —22 5 34 —16 | | —2803 185 1921 —1034
16 -2 -16 8 16 -2 -16 8 1790 —-82 —1034 580
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-2 0 1 0 —4 -1 5
27(c). DTB = 1 0 =2 -7 1| = 2 2
5 7 -1 -1 -3 —48 —10
28(a). We have
[z —y =z
S = [s1,89,83] = 0 y 2z |,
| -y oz
SO )
2 2 1 - -y =z - -y Tz
AS=1]2 5 2 0 y 2z | = 0 y 14z | = [s1,s92,7s3).
1 2 2 xr -y oz T -y Tz
28(b).
—z 0 T —r -y Tz 222 0 0
STAS =ST(AS)=| —y v —v 0 y 14z | = 0 332 0
z 2z z r —y Tz 0 0 4222

but ST AS = diag(1,1,7), so we have the following

2
20 =1= 1= ig
3
3P =1=sy= i%
62=1= 2= :I:?.
29(a). We have
[ 1 —4 0 0 2z Y
AS=| —4 70 0 = —2y
| 0 0 5 z 0 0
[0 —22
= 0 —x —18y
| 5z
= [5s1, —52,953]-
29(b). We have
0 0 =z 0 —2z 9y 522 0 0
STAS = | 2z z 0 0 —z —18 | =] 0 =522 0 |,
y —2y 0 5z 0 0 0 0 4512
so in order for this to be equal to diag(5,—1,9), we must have
522 =5, —5z% = —1, 45y = 9.

137

Thus, we must have 22 =1, 22 = % and y? = % Therefore, the values of z, y, and z that we are looking for

are r = =+ 5,y—:l: ,and z = +1.
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2 0 0 0
0 2 0 O
30(a). 00 2 0
0 0 0 2
7 0 0
30(b). | 0 7 0
0 0 7

31. Suppose A is an n x n scalar matrix with trace k. If A = al,,, then tr(A) = na = k, so we conclude that
a=k/n. So A= %Im a uniquely determined matrix.

32. We have
1 T 1
BT = {2(A+AT)} = 5(AJrAT)T = 5(AT+A) =B
and
1 T 1
CT=|-(A-AT)| =-AT-A)=——-(A-AT)=-C.
2 2 2
Thus, B is symmetric and C' is skew-symmetric.
33. We have
1 1 1 1 1 1
B = —(A+ AT+ Z(A-ATYy = A4+ AT+ —_A— —AT = A
+C 2( + )+2( ) 2 +2 +2 2
34. We have
1 1 4 -1 0 4 9 2 1 8 8 2] (4 4 1
B:§(A+AT):§ 9 -2 3|+ | -1 -2 5 =5 |8 4 8 |=]4 24
2 5 5 0 3 5 2 8 10 | |1 4 5
and
1 1 4 -1 0 4 9 1 0 —-10 -2 [0 -5 -1
C:§(A—AT): 9 -2 3 |—-| -1 =25 =—1 10 0 -2 |=|5 0 -1
2 5 5 0 3 5 2 2 0 |1 1 0
1 1 =5 3 13 7 1 2 -2 10 1 -1 5
B:§ 3 2 4|+ -5 2 =2 == -2 4 2|=] -1 2 1 |.
7T -2 6 3 4 6 10 2 12 5 1 6
1 1 =5 3 1 3 7 1 0 -8 —4 0 —4 -2
Czi 3 2 41— -5 2 =2 =3 8 0 6 |=]4 0 3/|.
7T -2 6 3 4 6 4 -6 0 2 -3 0

36(a). If A is symmetric, then AT = A, so that

B:%(A+AT):%(A+A)=%(2A):A

and

1 T _1 _1 _
C=35(A=AT) = S(A= 4) = 5(0,) = 0,
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36(b). If A is skew-symmetric, then AT = —A, so that

B %(A+AT) _ %(A+ (—A)) = %(on) ~0,
and 1 1 1
0= 5(A-AT) = {(A~ (-A) = ;24) = A

37. If A = [ai;] and D = diag(dy,ds, ...,d,), then we must show that the (i, j)-entry of DA is d;a;;. In
index notation, we have

(DA)i; = Z didikar; = didiiai; = diaij.
k=1
Hence, DA is the matrix obtained by multiplying the ith row vector of A by d;, where 1 <i < n.

38. If A = [a;;] and D = diag(di,ds,...,d,), then we must show that the (7, j)-entry of AD is d;a;;. In
index notation, we have

(AD)ij =Y aiwd;di; = aijd;dj; = aijd;.
k=1
Hence, AD is the matrix obtained by multiplying the jth column vector of A by d;, where 1 < j <n.

39. Since A and B are symmetric, we have that A7 = A and BT = B. Using properties of the transpose
operation, we therefore have
(AB)T = BT AT = BA = AB,

and this shows that AB is symmetric.
40(a). We have (AAT)T = (AT)TAT = AAT, so that AAT is symmetric.
40(b). We have (ABC)T = [(AB)C|T = CT(AB)T = CT(BTAT) = CTBT AT, as needed.

1 cost
aww= L, )
—2e72t
o w=] 2
cost —sint 0
43. A'(t) = | sint cost 1
0 3 0
et 2e? 2t
a4 A/(t):[zet ge2t 10t]'

45. We show that the (7, j)-entry of both sides of the equation agree. First, recall that the (i, j)-entry of
ABis 3 ) _, aicbyj, and therefore, the (i, j)-entry of % (AB) is (by the product rule)

n n n
! / ! /
k=1 k=1 k=1

The former term is precise the (i, j)-entry of the matrix %B , while the latter term is precise the (7, j)-entry
of the matrix A%Z. Thus, the (i, j)-entry of < (AB) is precisely the sum of the (i, j)-entry of %B and the
(i, j)-entry of A%. Thus, the equation we are proving follows immediately.
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46. We have
et et g — et —et ‘1 e —le| |1 1] _ | e-1 1-1Je
o | 2e" 5e”t T | 2et —Be7t |10 7 | 2 —5/e 2 5| | 2—-2 5-5/e |’
47. We have
/W/2 [ cost } { sint }
. dt =
0 sint —cost
48. We have
1 t 2t 2 t 1.2t 8
e e t et Lle t 1
/0 { 2et 4e* 52 }dt [ 2¢! 2e?t 33 ] o

:[e e?/2 1/3]_[1 1/2 0]_[6_1 = 1/3}

o= e -1 e =16 ]- [ 8-

2¢ 2% 5/3 2 2 0 2e —2 2e%-2 5/3
49. We have
1 e?t sin 2t i éth f% cos 2t
/ t? -5 tet dt = §75t tel — et
0 sec?t 3t —sint | tant 3¢ 4 cost
[ _cos2 1 1 -1 1-cos2
2 2 2 2 2 2
—| —14/3 0 — |0 -1 |=| 143 1
tan 1 %—l—cosl 0 1 tan 1 %—}—cosl

50. [A(t)dt = [ [=5dt [gigdt [e¥dt | =] =5t tan~'(t) $e |.

[ 2t t2
o f[ 2 )am[ 2]
[ sint cost 0 —cost  sint 0
52. / —cost sint t |dt= | —sint —cost t?/2
|0 3t 1 0 3t2/2
[t et o et
53. / | 2 Be! W= 9et et |-
[ 2t sin 2t %th —% cos 2t
54. / t2 -5 tet dt = g — 5t  tet —et
L sec2t 3t —sint tant %tQ + cost

Solutions to Section 2.3

True-False Review:

(a): FALSE. The last column of the augmented matrix corresponds to the constants on the right-hand
side of the linear system, so if the augmented matrix has n columns, there are only n — 1 unknowns under
consideration in the system.
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(b): FALSE. Three distinct planes can intersect in a line (e.g. Figure 2.3.1, lower right picture). For
instance, the zy-plane, the xz-plane, and the plane y = z intersect in the x-axis.

(c): FALSE. The right-hand side vector must have m components, not n components.

(d): TRUE. If a linear system has two distinct solutions x; and x3, then any point on the line containing
x; and X5 is also a solution, giving us infinitely many solutions, not exactly two solutions.

(e): TRUE. The augmented matrix for a linear system has one additional column (containing the constants
on the right-hand side of the equation) beyond the matrix of coefficients.

(f): FALSE. Because the vector (1,22, 3,0,0) has five entries, this vector belongs to R. Vectors in R?
can only have three slots.

(g): FALSE. The two column vectors given have different numbers of components, so they are not the
same vectors.

Problems:
1.
2-1-3(—-1)+4-2=13,
1+ (-1)—2=-2,
5-14+4(-1)+2=3.
2.
24+ (-3)—2-1=-3,
3:2—(-3)—-7-1=2,
24+ (-3)+1=0,
2:242(-3)—4-1=-6
3.
(1—t)+(2+3t)+ (3—2t) =6,
(I1—-t)—(243t)—2(3—-2t)=-T7,
5(1—t)+(2+3t) — (3—2t) =4.
4.

s+ (s—2t)— (2s+3t)+ 5t =0,
2(s —2t) — (28 4+ 3t) + 7t = 0,
As+2(s — 2t) — 3(2s + 3t) + 13t = 0.
5. The two given lines are the same line. Therefore, since this line contains an infinite number of points,

there must be an infinite number of solutions to this linear system.

6. These two lines are parallel and distinct, and therefore, there are no common points on these lines. In
other words, there are no solutions to this linear system.

7. These two lines have different slopes, and therefore, they will intersect in exactly one point. Thus, this
system of equations has exactly one solution.
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8. The first and third equations describe lines that are parallel and distinct, and therefore, there are no
common points on these lines. In other words, there are no solutions to this linear system.

1 2 -3 1 1 2 -3|1
9.A=[2 4 -5 |, b=|2|,4%*=]2 4 —5]|2
7 2 -1 3 72 -1|3
11 1 -1 3 11 1 —-1]3
_ _ # _
10 4=, 4 _3 7}7 _{2}”4_[24—3 72}
1 2 -1 0 1 2 —-1]0
11. A=[2 3 =2 |, b=|0|,A*=]2 3 —2]|0
5 6 —5 0 5 6 —5/|0

12. It is acceptable to use any variable names. We will use x1, 22, 3, 4:

1 — T2 +2£L’3 +3ZE4 = ].,
1+ w2 —2w3+6xy = —1,
3r1 +x9 Fdx3+2x4 = 2.

13. It is acceptable to use any variable names. We will use x1, 2, x3:

201 + xo +3xz3= 3,
dr1 — x9 +2x3 1,
7%1 + 6%2 +3x3 —5.

14. The system of equations here only contains one equation: 4x, — 2xy — 2z3 — 3x5 = —9.
15. This system of equations has three equations: —3zo = —1, 2x1 — Tz =6, bxy +5xe =7.
16. Given Ax = 0 and Ay = 0, and an arbitrary constant c,

(a). we have
Az =A(x+y)=Ax+Ay=0+0=0

and
Aw = A(cx) = ¢(Ax) = c0 = 0.

(b). No, because
Alx+y)=Ax+ Ay =b+b =2b #b,

and
A(ex) = c(Ax) =cb #Db

in general.

[ 2] [ -4 3 x1 4t
i [ _4sz]+[t2}

[0 ] [ —t 1
18'_x’2___—sint 1}{532}

2017 [ o e?t 1 0
19 xh | | —sint 0 To Tl
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x) 0 —sint 1 X1 t
20. | o | = | —¢€ 0 t2 N e IR

xh —t t2 0 T3 1
21. We have

0= [ _afug ] <[ 5

and
[ 2 ett 0] [ 24+ (-1)(-2e*)+0 ] [ de*
AX+b— |: _9 3 :| |: _26425 :| + |: 0 :| - |: —2€4t+3(—2€4t)—|—0 - —8€4t .
22. We have
x'(t) = 4(—2e7%) 4+ 2cost . —8e¢72! + 2cost
T | 3(—2e72%) +sint | | —6e7% +sint
and

_ 92t . _ .
Ax—i—b:{ 1 4] [4@ +251nt] [ 2(cost+smt)}

-3 2 3e™2 — cost Tsint + 2cost
B 4e~2t 4 2sint — 4(3e72" — cost) — 2(cost + sint) [ —8e7% 4+ 2cost
T | —3(4e7 + 2sint) +2(3e % —cost) + Tsint +2cost | | —6e 2 +sint

23. We compute

o 3e! + 2te
T et 4+ 2tet

and

Ux+b— 2 -1 2te + et L 0o | 2(2te’ +e) — (2te — ') + 0 | 2tet + 3et
X -1 2 2tet — et det | T | —(2tet +eb) +2(2tet —et) +4et | T | 2tet +et |

Therefore, we see from these calculations that x’ = Ax + b.

24. We compute
—tel — et
x' = —09e~t

tet + et —6et

and

1 00 —tet —et —tet —et —tet — et
Ax+b=| 2 -3 2 9e~t +| 6e7t | = | 2(—te') —3(9%et) +2(te! +6e7) | +| 6et | = —9et

1 -2 2 te! +6e~t et —te! —2(9e™t) + 2(tet + 6e7t) et te' 4+ e! — 6e~

Therefore, we see from these calculations that x’ = Ax + b.

Solutions to Section 2.4

True-False Review:

(a): TRUE. The precise row-echelon form obtained for a matrix depends on the particular elementary row
operations (and their order). However, Theorem 2.4.15 states that there is a unique reduced row-echelon
form for a matrix.
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(b): FALSE. Upper triangular matrices could have pivot entries that are not 1. For instance, the following

.. . . 2
matrix is upper triangular, but not in row echelon form: [ 0 8 ] .

(c): TRUE. The pivots in a row-echelon form of an n X n matrix must move down and to the right as
we look from one row to the next beneath it. Thus, the pivots must occur on or to the right of the main
diagonal of the matrix, and thus all entries below the main diagonal of the matrix are zero.

(d): FALSE. This would not be true, for example, if A was a zero matrix with 5 rows and B was a nonzero
matrix with 4 rows.

(e): FALSE. If A is a nonzero matrix and B = —A, then A + B = 0, so rank(A + B) = 0, but rank(A4),
rank(B) > 1 so rank(A)+ rank(B) > 2.

0 1

(f): FALSE. For example, if A = B = [ 0 0

rank(B)=1+1=2.

}, then AB = 0, so rank(AB) = 0, but rank(A)+

(g): TRUE. A matrix of rank zero cannot have any pivots, hence no nonzero rows. It must be the zero
matrix.

(h): TRUE. The matrices A and 2A have the same reduced row-echelon form, since we can move between
the two matrices by multiplying the rows of one of them by 2 or 1/2, a matter of carrying out elementary
row operations. If the two matrices have the same reduced row-echelon form, then they have the same rank.

(i): TRUE. The matrices A and 2A have the same reduced row-echelon form, since we can move between
the two matrices by multiplying the rows of one of them by 2 or 1/2, a matter of carrying out elementary
row operations.

Problems:

. Neither.

. Reduced row-echelon form.
. Neither.

. Row-echelon form.

. Row-echelon form.

. Reduced row-echelon form.
. Reduced row-echelon form.

. Reduced row-echelon form.

© ® X Sk W N

10.
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11.

S O O

2. Ags(—4)

1. A12(—1), Alg(—?))

12.

6. As(5)

|

4. Py; 5. My(—1)
,Rank (A) = 3.

N

3. A1x(—2), A13(-3)

2. Ay (—1)

2. Agi(—1), Agz(—1)

1. P13

13.

2 -5
-1 -2
-5 13
7. Ms(1/23).

1
0
0

R

-5
13
-2

2
-5
-1

1
0
0

) 1 2 —5
31212 -1 3
1 0 -1 -2
3. Apa(—2)

1
-1
-2

3
2
2

-1
1
-2

2
3
2

N — O

6. A23(5)

5. My(—1)

4. P23

1. P12

14.

2.

,Rank (A)

N — O

— O O

1
0
0

3
-7
-1

4. Pog 5. Mg(—l), A23(7).

3. A12(—2), A13(—2)

2. Agi(—1)

1. Py

15.

S~ N

— o MmO

— — O O

— o O O

=

O — N A

— o MmO
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4. M3(1/3)

3. Agy(—1)

2. Alg(—?)), AlS(_2)> A14(_2)

1. Py3

16.

,Rank (A) = 2.

M NS

— =N

oA — O

17.

—
o <t -
I
— O ™M
N — O
I
o — o
— O O
| I |
—
™ LR
/
— —
N>
o~ o <fH —
= |
™ — N m
— AN~ ™M
_I_A [
—
act SO~ ™M
<
N — O O
—~
@] —_
|
[a\]
= ¢
i | —|
<
. ™ A b~
[a\]
— <f 0
a ™ en -
[a W)
. S~ ™M
L
— O AN
L 1
—?
—

2 1 3 4 2
10 2 1 3
2315 7

|

,Rank (A) = 3.

2

-1

0 1

<+

2. A12(~2), A1a(~2), 3. Axs(-3) 4. My(—1)

1. Py

|

18.

2
1
6
—12

2

1

6
—12 0

2 1
-1 0
—6 0

—12 0

2

1

6
—12 0

1
0
0
0

1 2

5 3 )
-2

-2

-2 2

2
-2 5

1
3
2
)

2. A12(—3), A13(_2)7 A14(_5)

1
~

7
5
-2
—2

7T 4
5 3

-2 2
-2 5

4
3
2
)

2.

,Rank (A)

N —H OO
—\ o O O
N — O O

— O O O

2

4. A23(6), A24(12)

3. My(—1)

1. Ay (—1)

19.

2. Ay»(6)

1. My(—1)

20.

2. A1p(—-3) 3. Ma(3) 4. Ay (1)

1. Py
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3.7 10 12 1 1 2 1 121 10 -5
2 3 -1 |A]23 -1|2]0 -1 =3[2]0o13|~A|01 3
12 1 3.7 10 0o 1 7 01 7 00 4
10 -5 100
2101 3|20 1 0]=Is;Rank(A)=3
00 1 00 1
1. Pis 2. Apa(—=2), Ag(=3) 3. My(—1) 4. Apy(—=2), Agg(—1) 5. Mg(d) 6. Agy(5), Aga(—3)
22.
3 -3 6 1 -1 2
2 -2 4|A]0 0 0|, ,Rank(A)=1
6 —6 12 0 00
1. My(3), Ara(=2), Ars(—6)
23.
3 5 —12 1 2 -5 1 2 -5 10 1
2 3 —7]lA|l0o -1 32|01 -3[2]0 1 -3/|, Rank(A)=2.
—2 -1 1 0 3 -9 0 3 -9 00 0
1. Aoi(—1), A1a(=2), A13(2) 2. Ma(=1) 3. Ag(—2), Agz(—3)
24.
1 -1 -1 2 1 -1 -1 2 102 3 100 5
3 -2 07|10 1 3 1|2/013 1|3[010 4
2 -1 2 14 0 1 40 00 1 -1 00 1 -1
4 -2 3 8 0 2 70 00 1 -2 000 —1
100 5 1000
s 010 455|010 0] B
“~loo 1 1|0 o1 o] fwRank(d)=4
000 1 0001
1. Aa(=3), A1s(=2), Arg(—4) 2. Ag(1), Ass(—1), Aos(=2) 3. As1(=2), Asa(—3), Agg(—1)
4. My(=1) 5. A (=5), Aga(—4), Agz(1)
25.
1 -2 1 3 1 -2 1 3 1 -2 1 3 1 -2 0 1
3 62 7|~lo 0 -1 2|20 0o 1 2|2]0 01 2|, Rank(4)=2
4 -8 3 10 0 0 -1 -2 0 0 -1 -2 0 00 0
1. App(=3), Ais(—4) 2. Ma(—1) 3. Asi(—1), Ags(1)
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26.
01 2 1 01 2 1 01 2 1 01 0 1/3
0312|A]00 -6 —2[2loo0o 1132|001 1/3
020 1 00 —4 —1 00 -4 -1 000 1/3
01 0 1/3 0100
L1001 132100 1 0],Rank(A4)=3
000 1 0001

Solutions to Section 2.5

True-False Review:

(a): FALSE. This process is known as Gaussian elimination. Gauss-Jordan elimination is the process by
which a matrix is brought to reduced row echelon form via elementary row operations.

(b): TRUE. A homogeneous linear system always has the trivial solution x = 0, hence it is consistent.

(¢): TRUE. The columns of the row-echelon form that contain leading 1s correspond to leading variables,
while columns of the row-echelon form that do not contain leading 1s correspond to free variables.

(d): TRUE. If the last column of the row-reduced augmented matrix for the system does not contain a
pivot, then the system can be solved by back-substitution. On the other hand, if this column does contain
a pivot, then that row of the row-reduced matrix containing the pivot in the last column corresponds to the
impossible equation 0 = 1.

(e): FALSE. The linear system z = 0, ¥y = 0, z = 0 has a solution in (0,0,0) even though none of the
variables here is free.

(f): FALSE. The columns containing the leading 1s correspond to the leading variables, not the free
variables.

Problems:

For the problems of this section, A will denote the coefficient matrix of the given system, and
A# will denote the augmented matrix of the given system.

1. Converting the given system of equations to an augmented matrix and using Gaussian elimination we
obtain the following equivalent matrices:

I =53 | 1|1 5|3 |2]1 =5
3 —-9]15 0O 616 0 1
By back substitution, we find that x5 = 1, and then x; = 8. Therefore, the solution is (8, 1).

— W

1. Aip(=3) 2. Ma(3)

2. Converting the given system of equations to an augmented matrix and using Gaussian elimination we
obtain the following equivalent matrices:

2121 —é 2|31 —

1 0 51 -3 0

4 =181 —3
2 1)1 2 1

— =
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1 Mi(3) 2. Ap(-2) 3. My(2)

3
By back substitution, we find that 2o = —2, and then x; = 7 Therefore, the solution is (%, —2).

3. Converting the given system of equations to an augmented matrix and using Gaussian elimination we
obtain the following equivalent matrices:

7—35&/7—35’%1—
14 -6 |10 0 010 0

1. App(-2) 2. Ma(2)

o=lw

(@R {19}
—_

Observe that x, is a free variable, so we set x5 = ¢t. Then by back substitution, we have x; = %t +
Therefore, the solution set to this system is

{(re7)ooent

4. Converting the given system of equations to an augmented matrix and using Gaussian elimination we
obtain the following equivalent matrices:

~Jjot

1 2 1)1 1 2 1| 1 12 1] 1] [1 2 1] 1
35 134210 =1 =2 o201 2] 02|01 2| 0
2.6 7|1 0 2 5|-1 0 2 5|1 00 1]-1

1. A1a(=3), Aj3(=2) 2. My(—1) 3. Ayg(—2)

The last augmented matrix results in the system:

T+ 2x9 + x3= 1,
To + 2(E3 = 0,

I3 = —1.

By back substitution we obtain the solution (—2,2, —1).

5. Converting the given system of equations to an augmented matrix and using Gaussian elimination, we
obtain the following equivalent matrices:

3 -1 o0l 1 1 -2 —5]-3 1 -2 —5|-3
2 1 5| 4lAl2 1 5| 4|20 5 15|10
7 -5 —8|-3 7 -5 —8|-3 0 9 27|18

1 -2 —5]|-3 10 11

Slo 1 3] 212101 3|2

0 9 27| 18 00 0|0

Lo Agi(—1) 2. Ap(—2), Aws(=7) 3. Ma(3) 4. Ay(2), Axs(—9)
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The last augmented matrix results in the system:

X1 + Tr3 = 1,
To + 33 = 2.
Let the free variable 3 = t, a real number. By back substitution we find that the system has the solution
set {(1 —¢,2—3t,t): for all real numbers t}.

6. Converting the given system of equations to an augmented matrix and using Gaussian elimination we
obtain the following equivalent matrices:

3 5 —1]14 1 2 113 1 2 1] 3 1 2 1] 3
12 113 A3 5 —1/42]0 -1 45|20 1 4| 5
25 6] 2 25 6|2 0 1 4| -4 0 1 4| -4

12 1] 37 _[1 2 13

1o 1 4] 512101 4|5

00 0]-9 00 01

1. Pis 2. Ap(—3), Ai3(—2) 3. Ma(—1) 4. Agys(—1) 5. My(—3)

This system of equations is inconsistent since 2 = rank(A) < rank(A#) = 3.

7. Converting the given system of equations to an augmented matrix and using Gaussian elimination we
obtain the following equivalent matrices:

6 -3 3|12] 1 -1 -3 2 ) 1 -1 12
2 -1 1| 4|~ 2 -1 1| 4|~|0 0 0]0
-4 2 -2|-8 -4 2 -2|-8 0 0 0]0

LoMy() 20 Aps(—2), Ags(4)

Since x5 and x3 are free variables, let x5 = s and x3 = t. The single equation obtained from the augmented
matrix is given by x; — %372 + %.ﬁg = 2. Thus, the solution set of our system is given by

t
{(2+ % — §7s,t) : s, t any real numbers }.

8. Converting the given system of equations to an augmented matrix and using Gaussian elimination we
obtain the following equivalent matrices:

2 -1 3| 14 3 1 -2 -1 1 2 -5|-15 1 2 —5|-15
3 1 —2|-1|1l2 -1 3|14]2|2 -1 3|-14|3]|0 -5 13| 44
7 02 3| 3|7 |7 2 =3/ 3|77 2 -3 31710 —12 32| 108
5 -1 —-2| 5 5 -1 —-2| 5 5 -1 -2 5 0 —11 23| 80
1 2 —5|-15 1 2 —5|-15 1 2 —5|-15
4|0 —12 32|18 |50 -1 9] 28|60 1 -9|-28
“lo -5 13| 4|7 |0 -5 13| 44|~ |0 -5 13| 44
0 —11 23| 80 0 —11 23| 80 0 —11 23| 80
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1 2 —5| —15 1 2 -5| —15 1 2 —5]-15
101 -9 —28|s|0 1 -9 —28|9]0 1 —9|-28
1o o0 =32 —96 | |0 0 32 9% |~ lo0o o0 1| 3

0 0 —76|—228 0 0 —76|—228 00 0 0

1. P12 2. A21<71) 3. A12(72), A13(77), A14(75) 4. P23
5. App(—1) 6. My(—1) 7. Ays(5), Aps(11) 8. Ms(—1) 9. Ms(55), Asy(76).

The last augmented matrix results in the system of equations:

T — 2$2 - 5£E3 = *15,
To — 9583 = —28,
r3 = 3.

Thus, using back substitution, the solution set for our system is given by {(2,—1,3)}.

9. Converting the given system of equations to an augmented matrix and using Gaussian elimination we
obtain the following equivalent matrices:

2 1 -4 5 1 1 -3]|-3 1 1 -3|-3 1 1 -3] -3
3 2 -5 8|13 2 -5 8|20 -1 4|17|s|0 1 —4]|-17
5 6 —6/2 | |5 6 —-6/21]"]0 1 9[3[7]0o 1 9| 35
1 1 -3|-3 2 -1 —4|-5 0 -3 2| 11 0 -3 2| 11

1 1 =-3| -3 1 1 -=3| -3 1 1 -3| -3

4]0 1 —4|-17|s5]01 —4]|-17|6|0 1 —4|-17

“lo o 13] 52|70 o0 1 41710 0 1 4

0 0 —10|—40 0 0 —10|—40 00 0 0

1. Py 2 Apa(=3), Ars(=5), Aa(=2) 3. My(—=1) 4. Agg(—1), Ass(3) 5. Ma() 6. Agu(10)

The last augmented matrix results in the system of equations:

r1 + 29 — 33 = — 3,
To — 4373 = —17,
I3 = 4.

By back substitution, we obtain the solution set {(10,—1,4)}.

10. Converting the given system of equations to an augmented matrix and using Gaussian elimination we
obtain the following equivalent matrices:

1 2 -1 1|1 12 -1 11
2 4 -2 2/2]1Al00 000
5 10 -5 55 00 0 00

1. Alg(—2)7 Alg(—5)

The last augmented matrix results in the equation x; + 2z3 — x3 + 4 = 1. Now x5, x3, and x4 are free
variables, so we let zo = 7, z3 = s, and x4 = t. It follows that z; = 1 —2r + s —t. Consequently, the solution
set of the system is given by {(1 — 2r +s —t,7,s,t) : r,s,t and real numbers }.
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11. Converting the given system of equations to an augmented matrix and using Gaussian elimination we

obtain the following equivalent matrices:

1 2 -1 1|1 1 2 -1 1| 1 1 2 -1 1] 1
2 3 1 —1|2 |10 -7 3 =3, 020 1 =2 2|0
1 -5 2 2|1 0 -7 3 =3[ 0 0 -7 3 =3| 0
4 1 -1 1]3 0 -7 3 =3|-1 0 -7 3 =3|-1

12 -1 1] 1 12 -1 1] 1 12 -1 11
301 =2 21 04|01 =2 2] 05|01 =2 20
00 00| 0 00 0 0]-1 00 0 01
00 0 0]-1 00 00| 0 00 0 00

1. Ap(=2), Aiz(—1), A(—4) 2. Ma(—2) 3. Ags(7), A2a(7) 4. Py 5. Mz(—1)

The given system of equations is inconsistent since 2 = rank(A) < rank(A#) = 3.

12. Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination

we obtain the following equivalent matrices:

12 1 1 —-2]3 12 1 1 -2 3
00 1 4 312 |4~Al0 0 1 4 -3 2
29 4 -1 —10 5]0 00 -3 —12 9| -6

1. A3(—2) 2. Ass(3)

w

o O =
O O N
O = =
O = =
o

O N

The last augmented matrix indicates that the first two equations of the initial system completely determine
its solution. We see that x4 and x5 are free variables, so let x4 = s and x5 = t. Then x3 =2 — 4x4 + 325 =
2—4s43t. Moreover, x5 is a free variable, say xo = r, so then z1 = 3—2r—(2—4s+3t)—s+2t = 1—2r+3s—t.

Hence, the solution set for the system is

{(1—=2r+3s—t,r2—4s+ 3t,s,t) : r,s,¢ any real numbers }.

13. Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination

we obtain the following equivalent matrices:

2 -1 —2| 2 1 4 1] 4 1 4 1
4 3 2| -1 A4 3 —2[-1 |20 —13 —6
1 4 1] 4 2 1 —1| 2 0 -9 -3
1 4 1 4 1 4 1] 4 1 4
2lo 12 4 sl121o 12 4| 8|20 -1
0 —13 —6| —17 0 -1 —2| -9 0 12
10 —7| -32 1 0 —7]-32
Slo 1 2 91210 1 2 9 | L
0 0 —20]|—100 00 1 5
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47 1 4 1| 4
7210 -9 —3| —6
—6 0 —13 —6| 17
1] 4 1 4 14
29| Zlo0o 1 2]9
41 8 0 12 48
1 00| 3
01 0|-1]1.
00 1| 5
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1. P13 2. Alg(—4)7 A13(_2) 3. P23 4. Mg(—%) 5. Agg(l)
6. Py 7. My(—1) 8. Ay(—4), Aps(—12) 9. M3(—55) 10. Agi(7), Asa(—2)

The last augmented matrix results in the solution (3, —1,5).

14. Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination
we obtain the following equivalent matrices:

31 5]2 11 1|1 1 1 1] 1

11 —1]1]A]31 5220 —2 8|-1

2 1 23 2 213 0 -1 4| 1
1 1 —1]1 11 -1 1
2lo 1 -4} 0 1 —4[1/2
0 -1 4|1 00 0]3/2

We can stop here, since we see from this last augmented matrix that the system is inconsistent. In particular,
2 = rank(A) < rank(A#) = 3.

1. Pip 2. Ap(=3), Ag3(—2) 3. Ma(—1) 4. Ays(1)

15. Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination
we obtain the following equivalent matrices:

1 0 —-2]-3 1 0 —2]-3 1 0 —2[-37 [10 —2|-3
3 2 4|-9|Alo =2 2/ 0l2l0o 1 1] 0ol2]l0o 1 =1] 0
1 -4 2]-3 0 -4 4| 0 0 -4 4| 0 00 0] 0

1. As(=3), Ais(—1) 2. My(—1) 3. Ay(4)

The last augmented matrix results in the following system of equations:
r1 —2r3=-3 and a9 —1x3=0.

Since x3 is free, let x5 = ¢. Thus, from the system we obtain the solutions {(2¢—3,¢,t) : t any real number }.

16. Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination
we obtain the following equivalent matrices:

2 -1 3 —1| 3 1 -2 3 1] 6 1 -2 3 1| 6
3 21 5/-6|4A]3 21 5/-6|2l0 8 -8 —8|-2
1 -2 3 1| 6 2 -1 3 —1| 3 0 3 -3 —3| -9

1 -2 3 1] 6 10 1 —-1] o0

Slo 1 -1 —1|=3|~]o0o1 -1 —-1|-3

0 3 -3 —-3|-9 00 0 0| 0
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The last augmented matrix results in the following system of equations:
r1+x3—24=0 and x9—2x3—14=—-3.

Since x3 and x4 are free variables, we can let x3 = s and x4 = t, where s and ¢ are real numbers. It follows
that the solution set of the system is given by {(t — s,s 4+t — 3,s,t) : s,t any real numbers }.

17. Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination
we obtain the following equivalent matrices:

1 1 1 —1] 4 1 1 1 —1] 4 1 1 1 —1|4

1 -1 -1 -1 2(1]l0 -2 =2 0o 221011 0|1

1 1 -1 1/=21"1o 0 -2 2/ 671001 —-1|3

1 -1 1 1]-8 0 -2 0 2]|-12 010 —-1/6
10 0 —-1]|3 100 —-1] 3 100 —-1] 3 100 0f-1
5101 1 ofl1tla]010 1/-2|s5]010 1/-2|6|010 0| 2
“loo 1 -1(3|7loo1 -1 3|7]oo1 -1 371001 0]|-1
00 -1 —1/5 000 —2| 8 000 1]|-4 000 1|4

1. Aa(—1), Ayz(—1), Aa(—1) 2. Ma(—3), Ma(—3), Ma(—3) 3. Agy(-1)
4. Agp(—1), Aga(1) 5. My(—2) 6. Ayi(1), Aua(—1), Ags(1)

It follows from the last augmented matrix that the solution to the system is given by (—1,2, —1, —4).

18. Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination
we obtain the following equivalent matrices:

2 -1 3 1 -1|11 1 -3 -2 -1 —2| 2 1 -3 -2 -1 -2 2
1 -3 -2 -1 —2| 2 2 -1 3 1 —-1| 11 o 5 7 3 3| 7
301 -2 -1 1|-2 A3 1 -2 -1 1|-2|R&|0 10 4 2 7[-8
1 2 1 2 3|-3 1 2 1 2 3|-3 0 5 3 3 5|-5
5 -3 -3 1 2| 2 5 -3 -3 1 2| 2 0 12 7 6 12| -8
1 -3 -2 -1 -2 2 1o 4 2 1} 3 1o 4 2 13 3
o 1 I 3 3] I 015Z§3 % 015133 %
3 5 5 5| 5 | 4 5 5 5 5 | 5 5 3 P ]
10 10 4 2 7/-8|~|00 -10 -4 1] -22|*|0 0 1 2 -5 4
0 5 3 3 5|5 00 -4 0 2| —12 00 -4 0 2| —12
49 _ 6 24 124 49 6 @ 24 124
0 12 7 6 12| -8 00 -2 -§ 2|_1n o0 -2 -§ 2|1
100 -2 &| 2 100 -2 & 2 1000 | ¢
ToOon| B ToOon| B ol
s |01 0 H|m |00 | |01 00 g5
~001§_T18€N0015_T10€N0010_53
000§§—L56 000 1 1] -2 0001 1]-2
000 & B|-3 000 £ B 2 0000 H| U
1000%% 1 0000 1
0100 55/ —5 0100 0]-3
Rloo 1o -1 3|%]oo0o10 0| 4
0001 1]-2 0001 0|4
0000 1] 2 0000 1] 2
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1. Pio 2. A1a(—2), A13(=3), A1a(-1), A15(—5) 3. Mg(%) 4. As1(3), Agz(—10), Aos(—5), Ags(—12)

5. M3( 110) 6. Az (—4), A32(*§)7 34(4), Ags (2 ) 7. M4(§)
8. Aui(5%), Aua(—55), Aus(—32), Aus(— Si) 9. Ms(53)  10. Agi(—15), Asa(—15), A (%) Asa(—1)

10
It follows from the last augmented matrix that the solution to the system is given by (1, —4,2).

19. The equation Ax = b reads

1 -3 1 X1 8
5 —4 1 T | =] 15
2 4 -3 T3 —4

Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination we
obtain the following equivalent matrices:

1 -3 1 8

1 -3 1] 8 1 -3 1| 8
5 —4 1|15 ]~l0o 11 —4/-22l0 1 1| =5
9 4 —3|-4 0 10 —5|-20 0 10 —5|-20
10 4-7 10 4|-7 10 0] 1
210 1 1|5 (~lo 1 1|=5|2]0 1 0]|-3
0 0 —15]| 30 00 1]-2 00 1]-2

L As(=5), Ar3(=2) 2. Aga(—1) 3. Api(3), Agg(—10) 4. Ma(—2) 5. Agy(—4), Aga(—1)

Thus, from the last augmented matrix, we see that 1 = 1, x9 = —3, and x5 = —2.

20. The equation Ax = b reads

1 0 5 T 0
3 -2 11 zo | =] 2
2 -2 6 T3 2

Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination we
obtain the following equivalent matrices:

1 0 50 1 0 5]0 1 0 5| 0
3 2 112 Ao —2 —4/2]12]0 1 2|-1
2 —2 6|2 0 —2 —4|2 0 —2 —4| 2

10 5] 0

2101 2]-1

00 0| 0

1. Aip(=3), A13(—2) 2. Ma(—1/2) 3. Ass(2)

Hence, we have x1 4+ 53 = 0 and x5 4+ 223 = —1. Since x3 is a free variable, we can let x3 = t, where ¢ is
any real number. It follows that the solution set for the given system is given by {(—5t, =2t — 1,¢) : t € R}.

21. The equation Ax = b reads

0 1 -1 T —2
0 5 1 X9 = 8
02 1 T3 5
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Converting the given system of equations to an augmented matrix using Gauss-Jordan elimination we obtain
the following equivalent matrices:

01 —1]-2 01 —1]-2 01 —1|-2 01 01
05 1| 8|A]loo0o 6|/18|2loo0o 1| 3[2]00 1|3
02 1] 5 00 3| 9 00 3| 9 00 00

1. Aia(=5), A13(—2) 2. Ma(1/6) 3. Agy(1), Asy(—3)

Consequently, from the last augmented matrix it follows that the solution set for the matrix equation is
given by {(¢,1,3) : t € R}.

22. The equation Ax = b reads

1 -1 0 -1 1 2
2 1 3 7 T2 | = | 2
3 =2 1 0 T3 4

Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination we
obtain the following equivalent matrices:

1 -1 0 —1]2 1 -1 0 1] 2 1 -1 0 1] 2 101 2] 0
2 13 7/20/~A10o 33 9|l—=212]0o 11 3/—212]011 3|-2
3 -2 1 04 0 1 1 3|-2 0 3 3 9|-2 000 0| 4

1. A1a(—2), A15(—3) 2. Pas 3. Aai1(1), Ags(—3)

From the last row of the last augmented matrix, it is clear that the given system is inconsistent.

23. The equation Ax = b reads

11 0 -1 1 2
31 -2 3 | | 8
2 3 1 1 z3 | | 3
-2 3 5 -2 T4 -9

Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination we
obtain the following equivalent matrices:

1 1 0 1 2 1 1 0 1 2 1 1 0 1 2 1 0 -1 1 3
3 1 =2 3 8 1 0 -2 -2 0 2 2 0 1 1 0] -1 3 0 1 1 0] -1
2 3 1 2 3 0 1 1 0]-1 0 -2 -2 0 2 0 0 0 0
-2 3 5 =2 -9 0 5 5 0] -5 0 5 5 0] -5 0 0 0 0 0
1. A12(=3), A13(—2), A14(2) 2. Pag 3. Ag1(—1), A23(2), Ags(—5)
From the last augmented matrix, we obtain the system of equations: x1 — z3 + x4 = 3, T3 + x3 = —1. Since

both z3 and x4 are free variables, we may let x3 = r and x4 = t, where r and ¢ are real numbers. The
solution set for the system is given by {(3 +r —¢t,—r —1,7,t) : r,t € R}.

24. Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination
we obtain the following equivalent matrices:

1 2 -1 3 1 2 -1 3 12 -1 3
2 5 1 71~A]o0o 1 3 1 2101 3 1
1 1 —k2| -k 0 -1 1-k2|-3—k% 0 0 4—k2|-2-k
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1. A1p(=2), Ais(—1) 2. Agy(1)

(a). If k = 2, then the last row of the last augmented matrix reveals an inconsistency; hence the system has
no solutions in this case.

(b). If k = —2, then the last row of the last augmented matrix consists entirely of zeros, and hence we have
only two pivots (first two columns) and a free variable x3; hence the system has infinitely many solutions.

(c). If k # £2, then the last augmented matrix above contains a pivot for each variable 1, x5, and x3, and
can be solved for a unique solution by back-substitution.

25. Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination
we obtain the following equivalent matrices:

2 1 -1 1]o0 1 1 1 —1]0 1 1 1 —1]0
1 1 1 —-1]o]:1l2 1 -1 1/0o|l=2]0 -1 -3 310
4 2 -1 1jo|~ |4 2 -1 1|lo|"T]o0o -2 -5 5[0
3 -1 1 k|0 3 -1 1 ko 0 -4 -2 k+3|0 |
1 1 1 —1]o0 11 1 —110 1 11 —11]0]
310 1 3 -—=3/0la«4]01 3 -31]0|s5|013 =310
1o -2 -5 507100 1 =10l o0 1 =110
0 -4 -2 k+3]0 00 10 k—9/0 000 k+1|0 |

1. P12 2. Alg(—Z), AA13(—4)7 A14(—3) 3. Mg(—l) 4. A23(2), A24(4) 5. A34(—10)

(a). Note that the trivial solution (0,0,0,0) exists under all circumstances, so there are no values of k for
which there is no solution.

(b). From the last row of the last augmented matrix, we see that if Kk = —1, then the variable x4 corresponds
to an unpivoted column, and hence it is a free variable. In this case, therefore, we have infinitely solutions.

(c). Provided that k # —1, then each variable in the system corresponds to a pivoted column of the last
augmented matrix above. Therefore, we can solve the system by back-substitution. The conclusion from
this is that there is a unique solution, (0,0, 0,0).

26. Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination
we obtain the following equivalent matrices:

11 —2| 4 11 -2 4 11 -2 ] 4 10 -3 2
35 4016 |~]0 2 2 4 2101 1 2 |21lo 1 1 2
2 3 —al| b 01 4-a|b—28 01 4—a|b—28 00 3-—a|b-—10

(a). From the last row of the last augmented matrix above, we see that there is no solution if ¢ = 3 and

b # 10.

(b). From the last row of the augmented matrix above, we see that there are infinitely many solutions
if @ = 3 and b = 10, because in that case, there is no pivot in the column of the last augmented matrix
corresponding to the third variable z3.
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(c). From the last row of the augmented matrix above, we see that if a # 3, then regardless of the value
of b, there is a pivot corresponding to each variable 1, xs, and x3. Therefore, we can uniquely solve the
corresponding system by back-substitution.

27. Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination
we obtain the following equivalent matrices:

1 —a |3 1 —a 3

2 1 [6|~]|0 142a|0

-3 a+0d|1 0 b—2a |10
From the middle row, we see that if a # —%, then we must have x5 = 0, but this leads to an inconsistency in
solving for x; (the first equation would require x; = 3 while the last equation would require x; = —%. Now
suppose that a = f%. Then the augmented matrix on the right reduces to (1) g_ly/f 130 CIfEb =1,

then once more we have an inconsistency in the last row. However, if b = —1, then the row-echelon form
obtained has full rank, and there is a unique solution. Therefore, we draw the following conclusions:

. . . 1 . o 1 o
(a). There is no solution to the system if a # —5 or if a = —5 and b = —1.
(b). Under no circumstances are there an infinite number of solutions to the linear system.
(c). There is a unique solution if a = —% and b # —1.

28. The corresponding augmented matrix for this linear system can be reduced to row-echelon form via

1 1 1]y 1 1 1 1 1 1 1 U1
23 1|y [Al0 1 —1]w-—20 [R2]0 1 1| w-—2u
3 5 1]us 0 2 =2|ys—3n 00 O0fy1—2y2+ys

1. Aip(=2), A13(—3) 2. Agy(—2)

For consistency, we must have rank(A) = rank(A#), which requires (y1,2,%3) to satisfy y; — 2y2 + y3 = 0.
If this holds, then the system has an infinite number of solutions, because the column of the augmented
matrix corresponding to y3 will be unpivoted, indicating that y3 is a free variable in the solution set.

29. Converting the given system of equations to an augmented matrix and using Gaussian elimination we
obtain the following row-equivalent matrices. Since a1 # 0:

aip b1 aiz | b1
b1 fl, 1 a1 all 21 1 a&l a1l
b 0 @zzaii—aziapp a11ba—az1b1 0o = As :

a1 ail ail ail

a1 a2
a1 a22

1. Ml(l/au), Alg(—agl) 2. Definition of A and AQ

(a). If A # 0, then rank(A) = rank(A#) = 2, so the system has a unique solution (of course, we are assuming

a1 # 0 here). Using the last augmented matrix above, (GAM) To = aA—j, so that o = %. Using this, we can

solve 1 + %332 = a% for x1 to obtain x; = <, where we have used the fact that Ay = ageb; — a12bs.

aiz b1

(b). If A =0 and a11 # 0, then the augmented matrix of the system is [ 0 “61 ? } , so it follows that
2

the system has (i) no solution if Ay # 0, since rank(A) < rank(A#) = 2, and (ii) an infinite number of
solutions if Ay = 0, since rank(A#) < 2.
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(c). An infinite number of solutions would be represented as one line. No solution would be two parallel
lines. A unique solution would be the intersection of two distinct lines at one point.

30. We first use the partial pivoting algorithm to reduce the augmented matrix of the system:

12 1|1 35 113 3 5 1 3
35 103 |A]1 2 1[t|2|0o 13 2/3| 0
2 6 7|1 2 6 7|1 0 8/3 19/3| -1
3 5 1 1 |3
210 8/3 19/3 0 8/3 19/3 | -1
0 1/3 2/3 0 -1/8|1/8
1. Pio 2. Ap(—1/3), Ai3(—2/3) 3. Pas 4. Ass(—1/8)

Using back substitution to solve the equivalent system yields the unique solution (—2,2, —1).

31. We first use the partial pivoting algorithm to reduce the augmented matrix of the system:

2 -1 3| 14 7 2 -3 3 7 2 -3 3
301 —2|-1 |13 1 -2|-1]2|0 1/7 -5/7|-16/7
7 2 -3 3 2 -1 3| 14 0 —-11/7 27/7 | 92/7
5 -1 —2| 5 5 -1 -2 5 0 —17/7 17 | 20/7
7 2 -3 3 7 2 -3 3
s |0 177 17 | 20/7 | 4|0 177 17 | 20/7
0 —11/7 27/7 | 92/7 0 0  64/17 | 192/17
0 1)7 —5/7|—16/7 0 0  —12/17 | —36/17
7 2 -3 3
s |0 177 yT | 2007
0 0  64/17|192/17
0 0 0 0
1. Pis 2. Aa(—3/7), A13(—=2/7), A14(=5/7) 3. Poy
4. Aoz(—11/17), Apy(1/17) 5. A34(3/16)
Using back substitution to solve the equivalent system yields the unique solution (2, —1, 3).

32. We first use the partial pivoting algorithm to reduce the augmented matrix of the system:

2 -1 —4| 5 5 6 —6]—20 5 6 -6 | 20
3 2 5| 8|13 2 5| 8|2|0 -85 —7/5|—4
5 6 —6/2 |~ |2 -1 —4| 5|70 —17/5 —8/5| -3
1 1 -3|-3 1 1 -3| -3 0 —1/5 —9/5|-7
5 6 —6 | 20 5 6 —6 20
3|0 —17/5 —8/5|-3 | 4| 0 —17/5 —8/5 -3
“lo —8/5 —7/5|—-4 |0 0 —11/17| —44/17
0 —1/5 —9/5|-7 0 0  —29/17|—116/17
5 6 -6 20 5 6 -6 20
5 | 0 —17/5  —8/5 -3 6 | 0 —17/5 —8/5 -3
1o 0o —27|-116/17 | T |0 0  —29/17 | —116/17
0 0  —11/17 | —44/17 0 0 0 0
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1. Pi3 2. A1p(=3/5), A13(—2/5), A1a(—1/5) 3. Pa3
4. Apz(—8/17), Ags(—1/17) 5. P34 6. Azy(—11/29)

Using back substitution to solve the equivalent system yields the unique solution (10, —1,4).

33. We first use the partial pivoting algorithm to reduce the augmented matrix of the system:

2 -1 -1 2 4 3 —2]-1 4 3 2| -1
4 3 —2|-1|A|2 -1 -1 22|00 =5/2 0 |5/2
1 4 1| 4 1 4 1| 4 0 13/4 3/2|17/4
4 3 -2 -1 4 3 -2 | -1
10 13/4 3/217/4 | A ] 0 13/4 3/2 | 17/4
0 —5/2 0 |5/2 0 0 15/13|75/13

1. P12 2. Alg(*]./Q), Alg(*]./ll) 3. P23 4. A23(10/13)

Using back substitution to solve the equivalent system yields the unique solution (3, —1,5).

34.

(a). Let
ail 0 0 cee 0 by
az1 azp 0 0 bo
A# = a3l asz2 ass ... 0 bd
ap1  An2  An3 ... App bn

represent the corresponding augmented matrix of the given system. Since ai1x1 = by, we can solve for x;
easily:
b1
r=—, (a11 # 0).
ai1

Now since ag1x1 + agexs = bo, by using the expression for x; we just obtained, we can solve for xo:

a11ba — az1by
rTg = ——M.
11422

In a similar manner, we can solve for z3, x4, ..., T,.

(b). We solve instantly for z1 from the first equation: x; = 2. Substituting this into the middle equation,
we obtain 2 -2 — 3 - zo = 1, from which it quickly follows that xo = 1. Substituting for z; and zs in the
bottom equation yields 3 -2 + 1 — x3 = 8, from which it quickly follows that x3 = —1. Consequently, the
solution of the given system is (2,1, —1).

35. This system of equations is not linear in a1, 2, and x3; however, the system is linear in 3, 3, and x3,
so we can first solve for xi’ , x%, and x3. Converting the given system of equations to an augmented matrix
and using Gauss-Jordan elimination we obtain the following equivalent matrices:

4 2 3|12 1 -1 1] 2 1 -1 1] 2
1 -1 1] 2414 2 3/12/2]0 6 -1 4
3 1 -1 2 3 1 —1] 2 0 4 —4| -4
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1 -1 1] 2 1 -1 1| 2] [1to0 of 1
Slo 4 —4l-4|2]0o 1 <1120 1 —1]-1
0 6 —1| 4 0 6 —1| 4 00 5|10

(1. 0 o] 1 1 0 01

S1o1 =1]=1 <o 1 0l1].

00 1] 2 00 1]2

1. P12 2. Alg(—4), A13(—3) 3. P23 4. M2(1/4)
5. Ag1(1), Agz(—6) 6. Mao(1/5) 7. Asa(1)

Thus, taking only real solutions, we have 3 = 1, 22 = 1, and 23 = 2. Therefore, z; = 1, 75 = 1, and
x3 = 2, leading to the two solutions (1,1,2) and (1,—1,2) to the original system of equations. There is no
contradiction of Theorem 2.5.9 here since, as mentioned above, this system is not linear in x1, x2, and x3.

36. Reduce the augmented matrix of the system:

3 2 =110 1 1 =210 1 1 =210 1 0 310
2 1 1|lol~{0 -1 s5/0|2]0o 1 —5]{0|X|0 1 =5]|0
5 —4 110 0 -9 1110 0 -9 1110 0 0 =3410
1 0 3]0 1 0 010
2101 =5{0|X2|0 1 0]0
0 0 110 0 0 1|0
1. Ao (—1), A12(—2), A13(—=5) 2. Ma(—1) 3. Ag(—1), Aax3(9)
4. M3(—1/34) 5. Az1(—3), Asa(5)
Therefore, the unique solution to this system is z; = 29 = 23 = 0: (0,0,0).
37. Reduce the augmented matrix of the system:
2 1 —1]0] 1 -1 —-1|0 1 -1 —-110 1 -1 —-110
3 -1 21013 -1 2/0]2]10 2 5]0fs |0 3 110
1 -1 =110 2 1 —-1|0 0 3 110 0 2 510
5 2 =20 | 5 2 =210 0O 7 310 0o 7 310
1 -1 —-1]0 1 0 =510 1 0 =510 1 0 010
410 1 4105101 -4/0]6|0 1 —4]0| 7|01 0|0
0 2 5|0 0 0 130 0 0 110 0 0 1|0
0o 7 3|0 0 0 310 0 0 310 0 0 0|0

1. P13 2. Alg(—?)), Alg(—2), A14(—5) 3. P23 4. A32(—1)
5. Aoi(1), Aoz(—2), Asa(=7) 6. M(1/13) 7. As1(5), Asa(4), Asa(—31)

Therefore, the unique solution to this system is x1 = x5 = x3 = 0: (0,0, 0).

38. Reduce the augmented matrix of the system:

9 -1 —1]0 1 1 4]0 1 1 4]0
5 -1 2|0|~]5 -1 2/0|2]0 -6 —18]0
1 1 4]0 2 —1 —1]0 0 -3 9]0
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11
Slo 1
0 -3

410 10 1]0
3102101 3]0
910 00 00

1. Piy 2. Apa(=5), Ais(—2) 3. Mo(—1/6) 4. Agi(—1), Ass(3)

It follows that z1 +x3 = 0 and x2 4+ 3x3 = 0. Setting x3 = ¢, where t is a free variable, we get x5 = —3t and
21 = —t. Thus we have that the solution set of the system is {(—t, —3t,t) : t € R}.

39. Reduce the augmented matrix of the system:

142 1-i 1 |0 i 1+44i  —i |0 1 1-i -1 |0
i 144 —i o L 1+2i 171' 1 o |2 142 1—i 1 |o
2 1 1436 14300 % 1 1430

11— - 1 1—i  —1 10 1 1—i -1 |0
210 —2-9 1+2z 0 —2-2 142|020 0 —5+8|0
0 —1-2 1+5i 0 0 1 3 |0 0 1 3i |0
1 1—i -1 |0 1 1—-i -1]0 10 0]0
Sl1o 1 3 |0 0 1 3ilol 2101 0]lo0
0 0 548 |0 0 110 00 10
(-

1. P12 2. Ml 3. A12 1— QZ Alg( ) 4. Agg(f].) 5. A32(2+22)
6. P23 7 M3( o+81) 8. A21(—1 +Z), A31(1), A32(—3i)

Therefore, the unique solution to this system is 1 = x2 = z3 = 0: (0,0,0).

40. Reduce the augmented matrix of the system:

2 1 2 1
3 2 10 [t 3 g]0o] [t § 3]0
6 —1 2(0 |~ 6 -1 2/0[Z2]0 =5 00
12 6 4|0 12 6 4]0 0 -2 00
2 1 1
L[ 3 30, Lo 3]0
1o 1 0fo|~|010]0
0 -2 00 00 00

L Mi(1/3) 2. Agp(=6), A13(—12) 3. Ma(—1/5) 4. Az (—2/3), Ass(2)

From the last augmented matrix, we have x; + %.’1,'3 =0 and z5 = 0. Since x3 is a free variable, we let 3 = t,
where t is a real number. It follows that the solution set for the given system is given by {(¢,0, —3t) : t € R}.

41. Reduce the augmented matrix of the system:

2 1 -8]0 3 -2 —5]0 1 -3 3]0
3 -2 5/0|1]2 1 =8/0]=21]12 1 =8/0
5 6 -3/0| |5 6 =3[0 |5 -6 =30
3 -5 1]0 3 -5 1]0 3 -5 110
1 -3 3]0 1 -3 3]0 1 0 =310

310 7 —14]0]4]0 1 —-2/0|s5]l01 —2/0

“lo 9 —18lo|" o 9 —-18lo| |0 o0 o]0
0 4 -810 0 4 -810 00 0]0
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1. Po 2. Aoi(=1) 3. A1a(=2), Aus(=5), Ara(=3) 4. Ma(1/7) 5. Asi(3), Aos(—9), Ans(—4)

From the last augmented matrix we have: x1 —3z3 = 0 and x5 — 2x3 = 0. Since z3 is a free variable, we let
xg = t, where ¢ is a real number. It follows that x5 = 2t and x; = 3t. Thus, the solution set for the given
system is given by {(3¢,2t,t) : t € R}.

42. Reduce the augmented matrix of the system:

1 1+i 1-i]o0 1 14i 1-ilo0 1 1+i 1—ilo0
' 1 i lolAlo 2-i —1]o|R2]0 2-i —110
1-2 —1+i 1-3i|0 0 —4+2 2 |0 0 0 0 |o

1 144 1—4|0 1 0 5290

Alo 1 =2=tlo|~lo 1 =20

0 0 0 |0 00 0 |0

1o Aqa(—i), As(—=1+2i) 2. Ap3(2) 3. Ma(5) 4. Ag(—1—14)

From the last augmented matrix we see that x3 is a free variable. We set x3 = 5s, where s € C. Then
x1 = 2(i — 3)s and a2 = (2 +4)s. Thus, the solution set of the system is {(2(i — 3)s, (2 +1i)s,5s) : s € C}.

43. Reduce the augmented matrix of the system:

1 -1 1]o0 1 -1 1]o0 1 -1 1]0
0 3 2/0]1]0 3 2/0fl2]0 1 2/3|0
3 0 —-1/0|~ o 3 —4|0o|~|o0o 3 —-4]o0
5 1 —-1]0 0 6 6|0 0 6 —6|0
10 5/3]0 1 0 5/3]0 1 00]0
510 1 23/0[4]071 230|501 0]0
“loo -6/o|l Joo 11]0o]7]0oo0 1]0
0 0 —10]0 00 —10]0 00 00

1. A13(—3), A14(—5) 2. Mg(l/g) 3. Agl(l), Agg(—?)), A24(—6)
4. M3(—1/6) 5. Ag1(—5/3), Asz2(—2/3), Ag4(10)

Therefore, the unique solution to this system is 1 = 2o = z3 = 0: (0,0, 0).

44. Reduce the augmented matrix of the system:

2 -4 6]0 1 -2 3o 1 -2 3]0
3 =6 9/0|1(3 =6 9/o|=210 000
1 -2 3/0| 712 =4 6/0]7 0o o0o0]0
5 —10 150 5 —10 15|0 0 0 0/0

1. Mi(1/2) 2. Apa(—3), Aus(—2), Aa(—5)

From the last matrix we have that x1 — 2x3 + 3z3 = 0. Since x5 and x3 are free variables, let o = s and
let 23 = t, where s and t are real numbers. The solution set of the given system is therefore {(2s — 3t, s,1) :
s,t € R}
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45. Reduce the augmented matrix of the system:

4 -2 -1 —-1]0 1 -3 1 —4]o0 1 =3 1 —4]|0
3 1 -2 3/o|A|3 1 -2 3/o|[&2|0 10 -5 15|0
5 -1 -2 10 5 -1 -2 10 0 14 -7 21|0
1 -3 1 -4]0 1 -3 1 -4]0 1 -3 1  —4]o0

2lo 2 -1 3/o|<]lo 2 -1 3/o[2|0 1 -1/2 3/2]0
0 2 -1 3|0 0 0 00 0 0 0 0|0

1. Asi(—1) 2. A1a(—3), A13(=5) 3. My(1/5), M3(1/7)
4. Axz(—1) 5. May(1/2)

From the last augmented matrix above we have that xo — %:133 + %x4 =0and 21 —3x2+2x3—4x4 = 0. Since x3
and x4 are free variables, we can set x3 = 2s and x4 = 2t, where s and ¢ are real numbers. Then x5 = s — 3t
and 1 = s — t. It follows that the solution set of the given system is {(s — ¢, s — 3t,2s,2t) : s, € R}.

46. Reduce the augmented matrix of the system:

2 1 -1 1]0 1 1 1 —1]0 1 1 1 -1]0

1 1 1 —-1{o]+l2 1 -1 1/0|l=2]l0 -1 =3 3|0

3 -1 1 —2/0|7 3 -1 1 —2/0|7]0 -4 -2 1]0

4 2 - 10 4 2 -1 11]0 0 -2 -5 5|0

1 1 1 -1]o0 1 0 -2 210 1 0 -2 210

3|0 1 3 -3/0ol4]01 3 =3/0|s]01 3 =30

“lo -4 =2 1j0o|T]o o0 10 -11{o|T]00 =3 3|0

0 -2 -5 5|0 00 -3 300 00 10 —11]0
1 0 -2 210 1 00 0]o 100 00 100 0]0
6|01 3 =3/0o|l7l010 o0/0ls|]0O10 0/0]og]0T10TO0]|0
“loo 1 —-1|lo|lT]loo0o 1 =1|lolT]oo0o 1 —1lolT]lo o0 1 0|0
0 0 10 —11]0 000 —1/0 000 10 000 1]0

1. Piz 2. Ap(=2), A1a(=3), Ara(—4) 3. Ma(=1) 4. Agi(—1), Asz(4), A24(2)
5. Pyt 6. My(—1/3) 7. Ai(2), Asa(—3), Ass(=10) 8. My(=1) 9. As(1)

From the last augmented matrix, it follows that the solution set to the system is given by {(0,0,0,0)}.
47. The equation Ax = 0 is

Reduce the augmented matrix of the system:
2 =1[0]1[1 —3]0]2]1 —% 0]lsf[1 —3
3400 3410 10 0 1

1. My(1/2) 2. Aj(—3) 3. Ma(2/11) 4. Ay (1/2)
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From the last augmented matrix, we see that 1 = xo = 0. Hence, the solution set is {(0,0)}.

48. The equation Ax = 0 is
1—1
1414

Reduce the augmented matrix of the system:

2
-2

I

0
0

T
1)

|-

J.

1—4 2|0 |1 1 1440 |21
1+i —210 1+i -2 |0 0
1 Mi(H) 20 App(—1-14)

-1+

0
0 0

|

Tt follows that 21 + (=1 + é)ze = 0. Since x5 is a free variable, we can let x5 = ¢, where ¢ is a complex
number. The solution set to the system is then given by {(¢(1 —i),¢) : t € C}.

49. The equation Ax =0 is
1—2¢
241

141
—1+1

Reduce the augmented matrix of the system:

Il

x
T2

I=[o]

1+i 1-2i|0] 1 1 =320 2
~1+44i 244 [0 “1+4i 2+4i |0
1 Mi(5Y) 20 Ap(1—i)
It follows that a; — 13

1
0

1430
2

0
0 0

E

ro = 0. Since z9 is a free variable, we can let xo = r, where r is any complex

number. Thus, the solution set to the given system is {(£2r,r) : r € C}.
50. The equation Ax = 0 is
1 2 3 T 0
2 -1 0 zo | =1 0
1 1 1 T3 0
Reduce the augmented matrix of the system:
1 2 3|0 12 3]0 1 2 3]0 12 3]0
2 -1 0[0|~]0 =5 —6/0 |20 -1 —2/0|2]0 1 2|0
1 1 110 0 -1 =210 0 -5 610 0 -5 —610
1 0 —-1]0 1 0 —-1]0 1 0 010
Slo1 2(0|2lo1 2/0|R|0o 100
0 0 410 0 0 110 0 0 1]0
1. Ap(—2), A13(—1) 2. Py 3. Ma(—1) 4. Asi(—2), Axsz(5) 5. M3(1/4) 6. Asi(1), As2(—2)

From the last augmented matrix, we see that the only solution to the given system is x1 = zo2 = x3 = 0:

{(0,0,0)}.
51. The equation Ax = 0 is
1 1 1 -1
-1 0 -1 2
13 2 2

T
T2
T3
T4
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Reduce the augmented matrix of the system:

1. Ajo(1), Ais(—1) 2. Agi(—1), Aaz(—2) 3. As1(—1)

From the last augmented matrix, we see that x4 is a free variable. We set x4 = t, where t is a real number.
The last row of the reduced row echelon form above corresponds to the equation x3 + x4 = 0. Therefore,
x3 = —t. The second row corresponds to the equation zs 4+ x4 = 0, so we likewise find that o = —t. Finally,
from the first equation we have ;1 — 3z4 = 0, so that x; = 3t. Consequently, the solution set of the original
system is given by {(3t,—t,—t,t) : t € R}.

52. The equation Ax = 0 is

2—-31t 141 1—1 1 0
3+2i —1+1 —1-—1 z2 | =10
5—1 24 -2 T3 0

Reduce the augmented matrix of this system:

2-3i 1+i i=1]07 L S il L I I e = el
342 —1+i —1—i|0 |~|3+2 —1+i —1-i|0|~|0 0 0 |0
5—i 2 -2 |0 5—i 2 -2 |0 0 0 0 |0

1. Ml(z%h) 2. A1a(—3 —2i), A13(—5+1)

From the last augmented matrix, we see that x; + 1J3r5ix2 + 715)371.1}3 = 0. Since x5 and x3 are free variables,
we can let xo = 13r and x3 = 13s, where r and s are complex numbers. It follows that the solution set of

the system is {(r(1 — 5i) + s(5+ 1), 13r,13s) : r, s € C}.
53. The equation Ax =0 is

1 30 1 0
-2 =3 0 xo | =10
1 4 0 T3 0
Reduce the augmented matrix of the system:
1 3 010 1 3 010 1 3 010 1 0 00
2 3 0/0|~|030[0[2|01o0/0[2]010]0
1 4 010 0 1 0|0 0 3 0|0 0 0 0|0

1. A12(2), Alg(—l) 2. P23 3. Agl(—3), A23(—3)

From the last augmented matrix we see that the solution set of the system is {(0,0,¢) : t € R}.

54. The equation Ax =0 is

1 0 3
3 -1 7 1 0
2 1 8 X9 = 0
1 1 5 T3 0
1 1 1
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Reduce the augmented matrix of the system:

1 0 3]0 1 0 3o 10 3]0 1 0 3]0
3 -1 710 0 -1 -210 01 2|0 01 2]0
2 1 s8lolAlo 1 2(0|l2]l0o 1 2/0]|2]0 0 0]0
1 1 5]0 0 1 210 01 2|0 0000
1 1 —1]0 0o 1 2|0 01 20 00 0|0

1. Aja(=3), A13(—2), Aia(—1), A5(1) 2. Mao(—1) 3. Agxz(—1), Ags(—1), Aos(—1)

From the last augmented matrix, we obtain the equations x7 + 3z3 = 0 and x5 + 2z3 = 0. Since z3 is a
free variable, we let x3 = t, where t is a real number. The solution set for the given system is then given by
{(—3t,—2t,t) : t € R}.

55. The equation Ax = 0 is

1 -1 0 1 1 0

3 205 (] ®]=|o0

-1 20 1] ™ 0

Ty
Reduce the augmented matrix of the system:

1 -1 0 1]0 1 -1 0 110 1 0 0 3|0
3 -2 05(0[~]0 102[0[2]01 0 20
-1 2 0 110 0 1 0 20 0 0 0 010

1. A1p(=3), Ais(1) 2. Agi(1), Aos(—1)

From the last augmented matrix we obtain the equations x1 + 3z4 = 0 and x2 + 2z4 = 0. Because z3 and
x4 are free, we let x3 =t and x4 = s, where s and t are real numbers. It follows that the solution set of the
system is {(—3s,—2s,t,5) : s,t € R}.

56. The equation Ax = 0 is

Z1

10 -3 0 . 0

30 -9 0 $2 =10

-2 0 6 0 3 0

x4
Reduce the augmented matrix of the system:

1 0 =3 0]0 1 0 =3 0]0
30 -9 0[lol~]0oo0 000
-2 0 6 010 00 000

1. A1o(—3), A13(2)

From the last augmented matrix we obtain x; — 3x3 = 0. Therefore, x5, 3, and x4 are free variables, so
we let xo = r, x3 = s, and x4 = t, where r, s,t are real numbers. The solution set of the given system is
therefore {(3s,7,s,t) : r,s,t € R}.
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57. The equation Ax =0 is

2+1 1 3—2 1 0
v 1—9 4+3¢ 2 | =10
3—1 144 145 T3 0

Reduce the augmented matrix of the system:

24+i i 3-20 i 1—i 443i0 1 —1—-i 3-3i]0
i 1—i 4+3i 0 k9 2+i i 3-2il0 |2 2+i i 3-2l0
3—i 1+i 145 3—i 144 14+5i|0 343 144i 145i|0
I —1—i 3—4 —172 3—4i |0 10 25;522' 0
210 144 -T+30 B8l g | R [0 1 BB |
0 5+3i —4420i 0 5—}—32 44200 |0 00 10i |0

10 25521 0 1 0 00

1o gl llo 1 0]0

00 1 |0 00 1|0

1. Pio 2. My(—i) 3. Aja(=2—1i), Aj3(=3+1i) 4. Mg(l;;“’) 5. Ao (1+1), Agz(—5 — 34)
6. M3(—i/10) 7. As (M), AM%)

From the last augmented matrix above, we see that the only solution to this system is the trivial solution.

Solutions to Section 2.6

True-False Review:

(a): FALSE. An invertible matrix is also known as a nonsingular matrix.
(b): FALSE. For instance, the matrix { ; ; does not contain a row of zeros, but fails to be invertible.
(c): TRUE. If A is invertible, then the unique solution to Ax = b is x = A~ 'b.

1 0 0]
00 1|

1 0
(d): FALSE. For instance, if A = [ and B=| 0 0 |, then AB = I5, but A is not even a
01

square matrix, hence certainly not invertible.

(e): FALSE. For instance, if A = I, and B = —1I,,, then A and B are both invertible, but A + B = 0,, is
not invertible.

(f): TRUE. We have
(AB)B™'A™' =1, and B 'A7Y(AB)=1,,

and therefore, AB is invertible, with inverse B—1A~1!.

(g): TRUE. From A? = A, we subtract to obtain A(A—1TI) = 0. Left multiplying both sides of this equation
by A=! (since A is invertible, A~! exists), we have A—I = A=10 = 0. Therefore, A = I, the identity matrix.

(h): TRUE. From AB = AC, we left-multiply both sides by A~! (since A is invertible, A~! exists) to
obtain A7'AB = A='AC. Since A~'A = I, we obtain IB = IC, or B = C.
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(i): TRUE. Any 5 x 5 invertible matrix must have rank 5, not rank 4 (Theorem 2.6.6).
(j): TRUE. Any 6 x 6 matrix of rank 6 is invertible (Theorem 2.6.6).

Problems:
1. We have
LA 9] 7T 9] [WD+O(=3) @WE9+©@®@ ] [1 0]
Ad ‘[3 7_[3 4}‘[(3)(7”(7)(3) <3><9>+<7>(4>]‘[0 1}‘12
2. We have
L2 -1 1] [ @EDH (D3 @M@ ] (1 0]
Ad ‘[3 1_[3 2]‘[(3)(1”(1)(3) (3)(1)+<1><2>}‘[0 1]‘12

3. We have - . P g ab}{ d—b}
[c d}(adbc[—c a])_adbc c d —c  a
1 ad — be 0
Tad—be| O ad—bc]
_[1 0
0 1|
:123
and
1 d —b a b | 1 d —b a b
(|« WD a] el = ] ]
1 [ ad-be 0 ]
" ad —be 0 ad — be
[1 0]
0 1|
= I.
4. We have
(3 5 1]{ 8 —29 3]
AAT =11 2 1 -5 19 -2
2 6 7 2 -8 1
[ (3)(8) + (5)(=5) + (1)(2)  (3)(=29) + (5)(19) + (1)(=8)  (3)(3) + (5)(—2) + (1)(1)
=1 B+ 2)(=5)+(1)(2) (1)(=29)+(2)(19) + (1)(=8) (1)(3) + (2)(—2) + (1)(1)
L (2)(8) + (6)(=5) +(7)(2) (2)(=29) + (6)(19) + (T)(=8) (2)(3) + (6)(—2) + (7)(1)
1 0 0
=101 0]:13.
| 0 0 1
5. We have
1 211 011 2 1 0 2|1 0 3 2 _1
[A”Z}:{l 310 1}’”[0 1| -1 1]~{0 1] -1 1}:[]2“4 -
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Therefore,
o[ 3 =2
A [—1 1
1. Ap(—1) 2. Ay (—2)
6. We have
AlT] = 1 1+di|l1 0] 1[1 144 1 0]2[1 144 1
A7 0 1-4 1 |o 1 0 —1 |—1+4 1 0 1 [1—34
s [1 0] =1 141 .
N{o 1|1—-i -1 }_WA ]
Thus,
[ -1 1+
A _[1i -1 |-
1. Ap(—1+14) 2. Ma(=1) 3. Agy(—1—14)
7. We have
1 —i|1 0]:1]1 —i ] 1 01201 —i|1 o0
[Auz]_[i—l 2/0 1]”{0 1—i|1—i 1}’”[0 1)1 L
s [ 1 0|1+ 1;1} 1
~ i | =47
[0 1)1 4
Thus,
_ 14+4 ==
o]
2
1. App(1—4) 2. Mo(1/(1—14) 3. Agi(i)
8. Note that AB = 05 for all 2 x 2 matrices B. Therefore, A is not invertible.
9. We have
1 -1 2|1 0 0 1 -1 2] 100 1 -1 2
AL]=]2 1 11]0 1 0|4~ 3 7/-2 10020 1 2|-
4 -3 10|10 0 1 0 1 2|—-4 0 1 0 3 7|-
10 4/-3 0 1 1 0 0|-43 —4 13
2lo 1 2|-4 1{~]0 1 0]-24 —2 7/|=[4".
00 1/10 1 -3 00 1] 10 1 -3
Thus,
—43 -4 13
At=| —24 —2 7
10 1 -3
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1. Alz(—Q), Alg(—4) 2. P23 3. AAgl(].)7 Agg(—?)) 4. Agl(—4), A32(—2)

10. We have
35 1|10 0 1 2 1]0 1 0 1 2 1]lo 1 0
AL]=]1 2 1|0 1 04|35 1|1 00|20 -1 —2[1 =3 0
2 6 7(0 0 1 2 6 7/0 0 1 0 2 5|0 -2 1
12 1] 0 10 10 -3 2 =5 0 (1.0 0] 8 —29 3
2lo12/-1 30201 2/-1 30|01 0[-5 19 —2|=[A".
025/ 0 -2 1 00 1] 2 -8 1 00 1] 2 -8 1
Thus,
8 —29 3]
Al=1] -5 19 -2
2 -8 1|

1. P 2. Apa(=3), Ais(=2) 3. Ma(—1) 4. Aoi(—2), Aos(=2) 5. Asi(3), Asa(—2)

11. This matrix is not invertible, because the column of zeros guarantees that the rank of the matrix is less
than three.

12. We have
4 2 —13|1 0 0 3 2 4]0 0 1 11 11]l0 -1 1
Al]=2 1 —7lo10]|A|21 —7/l01 0|21 -7/0 10
32 4]0 0 1 4 2 —13]1 0 0 4 2 —13|1 0 0
1 1 11]lo -1 1 1 1 11l0o -1 1 10 —18]0 2 -1
210 -1 =290 3 2210 1 20 -3 22101 200 -3 2
0 -2 —57|1 4 —4 0 -2 —57|1 4 —4 00 1|1 -2 o0
1 0 18] -34 —1
101 0[-20 55 2| =[]A7".
00 1 1 -2 0
Thus,
18 —34 —1
A7l =1] =29 55 2
1 -2 0
5. Aoi(—1), As3(2) 6. Asy(18), Asa(—29)
13. We have
1 2 =3/1 00 12 =3/ 10 0 12 =3/ 10 0
AL]=| 26 —2[0 1 0|~|02 4210|201 2/-11L1o0
11 4]0 0 1 03 1] 1 0 1 03 1| 1 0 1
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10 -7] 3 -1 0 10 —-7] 3 -1 0
2012—1§03012—1§0
4 : 1
00 —5| 4 -3 1 oo 1|-¢ & 1
13 11 7
A .
00 1] =5 1w —3
Thus,
_13 u 7
5 10 5}
Al = 3 _L 3
I
5 10 5
1. A1p(=2), Aiz(1) 2. Mao(3) 3. Aai(—2), Ags(—3) 4. Ms(—1) 5. A3i(7), Asa(—2)
14. We have
1 i 2|10 0 1 4 2] 1 00 14 2] 1 00
Al = | 14+i -1 2|0 1 0|~ 0 — —2[-1-i 1 02|01 —2i|1-i i 0
2 2% 5|0 0 1 0 0 1| -2 o0 1 00 1| -2 01
10 o] =i 10 1 00| = 1 0
2 1 —2i|1—d i 0| ~|0 1 0[1-5i i 2 |=][A47").
00 1| -2 01 00 1] -2 0 1
Thus,
—1 1 0
Al = 1-5 i 2
) 1
1. Alg(—l — Z), A13(—2) 2 MQ(Z) 3 A21<—Z> 4 A32(2’L)
15. We have
2 1 3|10 0 1 -1 2/0 1 0 1 -1 2|0 1 0
AL]=|1 -1 2/0 1 0|A]2 1310020 3 -1|1 -2 0
3 3 4]0 0 1 3 3 4|0 0 1 0 6 -2(0 -3 1

1 -1 2 0 1 0
2lo 3 -1 1 -2 0
0 0o o0|-2 11
Since 2 = rank(A4) < rank(A#) = 3, we know that A~! does not exist (we have obtained a row of zeros in
the block matrix on the left.

16. We have
1 -1 2 3|1 00 0 1 -1 2 3/ 1000
[A“.]_z03—40100}v02—1—1o—2100
4713 -1 7 800 1 0 0 2 1 —-1/-3 01 0
1 03 5/0 00 1 0 1 1 2|-1 00 1
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1
1
-2
—2

5 0 00
2|-1 0 0
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—14 01 0
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o

0 0

— O
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Thus,
o 2 _1 2
25 11
A= T  Ty d
g ? 2 9
-5 9 a8 O
1. P13 2 A12<—2), A14<—3) 3 MQ(%) 4 A21(2), A23(2), A24(—5)
5. Pss 6. M3(—2) 7. Agi(—1), Azp(—2) 8. My(—2) 9. Ap(1), Ags(—3)
18. We have
1 2 0 0|1 0 0 0 1 20 0] 1.0 0 0
|3 40001 00(1]0 -2200|-310 0
“ 10 05 6[0 010 0 01 % 00 o0
|00 7 8|0 0 01 0 0 7 8| 00 0 1
1 2 0 0] 1.0 0 0] 1 00 0]-21 00
2/0 -2 0 0/-31 0O0]|s3|]0 -—20 0/-31 00
001%00%0 0 01 0] 00 -4 3
0 00 —2| 00 —f 1] 0 00 -2, 00 -1 1
10 0 0l-=2 1 0 0]
sl0 100 2 -+ 0 o] 1
~loo0o10] 0 0 —a —g|=HAl
000 1| 0 0 % -3|
Thus,
-2 1 0 0
3 _1 0 0
-1 _ 2 2
A= 0 0 -4 3
7
0 0 3 -3
1. Ap(—=3), M3(3) 2. Aga(=7) 3. Ap(1), Ai3(3) 4. Ma(—3), My(—3)

19. To determine the third column vector of A~ without determining the whole inverse, we solve the

-1 -2 3 T 0]

system | —1 1 1 y | =10
-1 -2 -1 z 1

1 2 -3 0]

can be row-reduced to | 0 1 —% 0
00 1|-1|

Thus, the third column vector of A~' is

. The corresponding augmented matrix

. Thus, back substitution yields z = —3, y = —

—5/12
~1/6
—1/4

—1
-1
-1

1
6

—2 310

1 110
-2 —111
cand z = — 2.

20. To determine the second column vector of A~! without determining the whole inverse, we solve the

2 -1 4 z 0
linear system | 5 1 2 y | =11
1 -1 3 z 0

. The corresponding augmented matrix
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1 -1 3 0
be row-reduced to | 0 1 -2 0 |. Thus, back-substitution yields z = —1, y = —2, and x = 1. Thus,
0 0 1|1
1
the second column vector of A= !is | —2
-1
_ 7 _
21. We have A = [ g 270 }, b = [ S ], and the Gauss-Jordan method yields A~! = [ _21 1g }
Therefore, we have
[ -10 -8 —48
— A1y — 2 _
x=4 b__fl 3“ 2}_[ 14}'
Hence, we have 1 = —48 and x, = 14.
1 3 1] . 1 -5 3
22. We have A = 9 5 | b = 3 | and the Gauss-Jordan method yields A7 = 5 1|
Therefore, we have i
1, | b 3 1] 4
XAb|:2_1 s =1 1 |
So we have 1 = 4 and x5 = —1.
11 -2 -2 7 5 —3
23. Wehave A= | 0 1 1 {,b= 3 |, and the Gauss-Jordan method yields A=' = | —2 -1 1
2 4 -3 1 2 2 —1
Therefore, we have
7 5 -3 —2 -2
x=A""b=| -2 -1 1 3| = 2
2 2 -1 1 1
Hence, we have 1 = —2, 29 = 2, and 23 = 1.
- 1 —2i _ 2 . IR 4q 2i
24. We have A = [ 9 i }, b = [ . ],and the Gauss-Jordan method yields A~ = P [ 94 1 ]
Therefore, we have
_ 1 44 2i 2 1 2481
= A 1 = —_— . . = . .
* b 2+8z{—2+z 1H—z] 2+8i[—4+z}
Hence, we have 1 =1 and x5 = Ei‘gz
3 4 5 1 -79 27 46
25. Wehave A= | 2 10 1 |[,b=| 1 |,andthe Gauss-Jordan method yields A~! = 12 -4 -7
4 1 8 1 38 —13 =22
Therefore, we have
-79 27 46 1 —6
x=A"'b= 12 -4 -7 1| = 1
38 —13 —-22 1 3
Hence, we have x1 = —6, o = 1, and x3 = 3.
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1 1 2 12 -1 3
26. Wehave A= | 1 2 -1 ],b = { 24 ],and the Gauss-Jordan method yields A~! = % |: 3 3
2 -1 1 —36 5 —3
Therefore, we have
1 -1 3 5 12 —10
x=A"b=— 3 3 -3 24 | = 18 |.
1 [ 5 -3 —1] [—36] [ 2]
Hence, 21 = —10, x5 = 18, and x3 = 2.
27. We have
r_| 0 1[0 =1]_| (00)+(1)1) (O)=1)+@1)0) | _|[1 0
A4 = [ -1 0 } [ 1 0 } - [ (—=1)(0) + (0)(1) (=1)(—1) + (0)(0) } - [ 0 1 } =k
so AT = A~
28. We have
[ V32 1)2 V3/2 —1/2
aam= [ 2 )08 )
_ [ (V3/2)(v3/2) + (1/2)(1/2)  (V3/2)(=1/2) + (1/2)(v/3/2) } _ [ 10 } _ 1
(—1/2)(V3/2) + (v3/2)(1/2)  (=1/2)(-1/2) + (v3/2)(v/3/2) 0 1 ’
so AT = A~
29. We have
7 | cosa sina cosa —sina
AAT = { —sina cosa} { sina  cosa ]
_ { cos? a + sin? o (cos a)(—sin ) + (sin )(cos @) } _ [ 10 } _ 1
(—sina)(cos a) + (cos ) (sin «) (—sina)? + cos? 0 1 ’
so AT = A~1.
30. We have
1 1 —2;102 222 1 1 2x ) 222
=) | 0 () 0
] 1+ 422 + 42* (2) \ 0
<1+4m2+4m4) 8 1+4x0+4x 1+4x(2)+4a:4 =l
so AT = A~

31. For part 2, we have
(B'AY)(AB)=B Y (A'AB=B"'I,B=B'B=1,,

and for part 3, we have
(AHTAT = (AA Y =10 =1,.
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32. We prove this by induction on k, with & = 1 trivial and &k = 2 proven in part 2 of Theorem 2.6.10.
Assuming the statement is true for a product involving k — 1 matrices, we may proceed as follows:

(AAg - Ap) "t = (A1 Ay - Ap_1)Ap) "t = A;l(AlAQ...Ak_l)*l
= ANAL AT = AT AL A AT
In the second equality, we have applied part 2 of Theorem 2.6.10 to the two matrices Ay As--- Ap_1 and Ay,
and in the third equality, we have assumed that the desired property is true for products of k — 1 matrices.
33. Since A is skew-symmetric, we know that A7 = —A. We wish to show that (A71)T = —A~!. We have
(A=A = (=47 =A™,
which shows that A~! is skew-symmetric. The first equality follows from part 3 of Theorem 2.6.10, and the
second equality results from the assumption that A~! is skew-symmetric.
34. Since A is symmetric, we know that A7 = A. We wish to show that (A=} = A=1. We have
(A—l)T _ (AT)—l _ A_l,
which shows that A~! is symmetric. The first equality follows from part 3 of Theorem 2.6.10, and the second
equality results from the assumption that A is symmetric.
35. We have
(I, — A®)(I, + A3+ A%+ A%) = I,,(I, + A> + A5 + A%) — A3(I,, + A% + A® + A?)
=1, + A3+ A A% A3 AS A% A=, A2 =T,
where the last equality uses the assumption that A'? = 0. This calculation shows that I,, — A% and I,, +
A3 4+ A5 + A? are inverses of one another.
36. We have
(In—A) I, + A+ A2+ A°)=1,I, + A+ A%+ A%) — A(I, + A+ A% + A%)
=L+ A+ A2+ A3 —A-A2 A At=1,-A' =1,
where the last equality uses the assumption that A* = 0. This calculation shows that I, — A and I,, + A +
A? 4+ A3 are inverses of one another.

37. We claim that the inverse of A'® is BY. To verify this, use the fact that A°B> = I to observe that
ABB? = AP(AS(APB*)B®)B® = A(A°IB®)B® = A°(A°B®)B® = A°IB® = A°B® = 1.
This calculation shows that the inverse of A is BY.
38. We claim that the inverse of A? is B~3. To verify this, use the fact that A>B~! = I to observe that
A°B3 = A3(A3(A*B Y)B )BT = A3(A*IB )BT = A3(A3B )BT ' = A3 IB = A’B7 ' =1.
This calculation shows that the inverse of A% is B~3.

39. We have
B = BI, = B(AC) = (BA)C =1,C =C.

40. YES. Since BA = I,,, we know that A1 = B (see Theorem 2.6.12). Likewise, since CA = I,,, A=t = C.
Since the inverse of A is unique, it must follow that B = C.
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41. We can simply compute

l 22  —a12 air G2 | l Q22011 — Q12G21 22012 — G12022
A | —ax ail a1 Q22 A | —agiain +ai1azr  —agiai12 + ai1ag
_ 1 | aiaz — azax 0 |1 0] _ I
A 0 a11022 — Q12021 0 1
Therefore,

—1
air a2 _ l Q22 —ai2
az1 Q22 A | —an air |’
42. Assume that A is an invertible matrix and that Ax; = b; for i« = 1,2,... p (where each b; is given).

Use elementary row operations on the augmented matrix of the system to obtain the equivalence

[A|b1 b2 b3 . bp} ~ [In|Cl Cy C3 ... Cp].

The solutions to the system can be read from the last matrix: x; = ¢; for each i =1,2,...,p.
43. We have -
1 -1 1 1 -1 2 1 -1 1 1 -1 2
2 -1 4] 1 23|40 1 2|-1 4 -1
1 1 6|-1 5 2 0 2 5| =2 6 0 |
1 0 3 0 3 1 1 0 0 0 9 —5 ]
2lo 1 2[-1 4 -1 01 0[-1 8 —5
0 0 1 0 -2 2 0 0 1 0 -2 2 |
Hence,
X1 = (07 _1?0)7 X2 = (9a87 _2)7 X3 = (_57 _572)
1. Ajo(=2), A1s(—1) 2. Ag1(1), Aos(—2) 3. A31(—3), As2(—2)
44.

(a). Let e; denote the ith column vector of the identity matrix I,,,, and consider the m linear systems of

equations
AXi =€

for i =1,2,...,m. Since rank(A) = m and each e; is a column m-vector, it follows that
rank(A%) = m = rank(A)

and so each of the systems Ax; = e; above has a solution (Note that if m < n, then there will be an infinite
number of solutions). If we let B = [x1,Xa,...,X;,], then

AB = A[x1,X2,...,Xm]| = [AX1, AXa, ..., AXpn] = €1, €2, ..., €] = I,.

a d
(b). A right inverse for A in this case is a 3 x 2 matrix | b e | such that
c f

a+3b+c d+3e+f | _ |1 0
20+ Th+4c 2d+Te+4f | | 0 1 |°
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Thus, we must have
a+3b+c=1, d+3e+f=0, 2a+Tb+4c=0, 2d+Te+4f=1.
1 3 11

9 7 4 O}fora,b,and

The first and third equation comprise a linear system with augmented matrix [

3 1 1
01 2|-2
and a = 7+5t Next, the second and fourth equation above comprise a linear system with augmented matrix
{ 9 7 4 ] for d, e, and f. The row-echelon form of this augmented matrix is [ (1) i1’> ; (1)
f=s, we have e =1—2s and d = —3 4+ 5s. Thus, right inverses of A are precisely the matrices of the form

7+5t —3+45s

—2 -2t 1-—2s

S

c. The row-echelon form of this augmented matrix is {

} . Setting ¢ = t, we have b = —2 — 2t

} . Setting

Solutions to Section 2.7

True-False Review:

(a): TRUE. Since every elementary matrix corresponds to a (reversible) elementary row operation, the
reverse elementary row operation will correspond to an elementary matrix that is the inverse of the original
elementary matrix.

(b): FALSE. For instance, the matrices [ (2) (1) ] and [ Lo } are both elementary matrices, but their

0 2

product, { g (2) ], is not.

(c): FALSE. Every invertible matrix can be expressed as a product of elementary matrices. Since every
elementary matrix is invertible and products of invertible matrices are invertible, any product of elementary
matrices must be an invertible matrix.

(d): TRUE. Performing an elementary row operation on a matrix does not alter its rank, and the matrix
FE A is obtained from A by performing the elementary row operation associated with the elementary matrix
E. Therefore, A and FA have the same rank.

(e): FALSE. If P,;; is a permutation matrix, then Pf] = I,, since permuting the ith and jth rows of I,

twice yields I,,. Alternatively, we can observe that PZQJ = I,, from the fact that Pigl = Py;.

(f): FALSE. For example, consider the elementary matrices F = { (1) (; } and Ey = { é 1 ] Then we
1 1 1 7
haV6E1E2|:O 7]andE2E1{0 7:|
1 30 1 00
(g): FALSE. For example, consider the elementary matrices £y = | 0 1 0 [ and Fo=| 0 1 2
0 0 1 0 0 1

1 3 6 1 3 0
Then we have E1Ey = | 0 1 2 | and EsEh =10 1 2
0 0 1 0 0 1

(h): FALSE. The only matrices we perform an LU factorization for are invertible matrices for which the
reduction to upper triangular form can be accomplished without permuting rows.
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(i): FALSE. The matrix U need not be a unit upper triangular matrix.

(j): FALSE. As can be seen in Example 2.7.8, a 4 x 4 matrix with LU factorization will have 6 multipliers,
not 10 multipliers.

Problems:
1.
0 1 0 0 0 1 1 0 0
Permutation Matrices: P.o=| 1 0 0|, P3=|0 1 0|, Ps3=1]0 0 1
0 0 1 1 0 0 0 1 0
kK 0 0 1 0 O 1 0 0
Scaling Matrices: My(k)=1 0 1 0 |, Myk)=|0 k 0|, Mzk)=|0 1 0
0 0 1 0 0 1 0 0 k
Row Combinations:
1 0 01 1 0 i 1 0 0]
Apk)=1k 1 0|, Aisk)=|0 1 0], As(k)=1]0 1 0 |,
L0 0 1] k0 1] | 0 & 1]
(1 &k 0] (1 0 k] (1 0 0]
Aor(k)=10 1 0|, A3n(k)=]10 1 0|, Asp(k)=]0 1 k
10 0 1] | 0 0 1 ] | 0 0 1 |
2. We have
—4 -1 -1 -8 1 8 1 38 1 8 1 8
1 2 3 4 5
0 3 | ~ 0 3|~ 0 3|~1]0 3 ~ 10 1 ~ 10 1
-3 7 -3 7 -3 7 0 31 0 31 0 0
1. Agi(—1) 2. My(—1) 3. Ay3(3) 4. My(5) 5. Agg(—31)
Elementary Matrices: A23(31), Mz(%)7 A13(3), h/[l(—l)7 Agl(—l).
3. We have
3 5111 -2|2]1 -2 |31 =2
1 -2 3 5 0 11 0 1|
1. P 2. Ajp(—3) 3. Ma(5h)
Elementary Matrices: Mg(ﬁ), A12(=3), Pia.
4. We have
5 8 2 1 1 3 -1 2 1 3 -1 3 1 3 -1
1 3 -1 5 8 2 0o -7 7 01 -1 |°
1. Pis 2. Ajp(—5) 3. Ma(—1)
Elementary Matrices: MQ(*%), Aq2(=5), Pa.
5. We have
3 -1 4 1 3 2 1 3 2 1 3 2 1 3 2
2 1 3|~|2 13[2|0 -5 —1|R|0 -5 —1|~]0 1}
1 3 2 3 -1 4 0 —-10 -2 0 0 0 0 0 0
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1. Plg 2. A12(—2), A13(_3) 3. A23(—2) 4. MQ(_%)

Elementary Matrices: Ma(—1), Ag3(—2), A13(—3), A12(—2), Py3.

6. We have
1 2 3 4 1 2 3 4 1 2 3 4 (1 2 3 4
2345|410 -1 =2 320 1 2 3[2l01 2 3
3 45 6 0 -2 -4 —6 0 -2 —4 —6 000 0

1. Ap(=2), A13(—3) 2. Ma(—1) 3. Ass(2)

Elementary Matrices: A23(2), Mg(—l), Alg(—g), Alg(—2)
7. We reduce A to the identity matrix:

1 2711 272071 0]
1 3 0 1 0 1"

1. App(—1) 2. An(—2)

The elementary matrices corresponding to these row operations are Fy = [ 7} (1) ] and Fy = [ (1) _? } .

We have EoE1 A = I, so that
141|100 1 2
a-ret = V6 1]

which is the desired expression since E;* and E; ' are elementary matrices.

8. We reduce A to the identity matrix:

HE R EE B AR N A N P!

1. A12(2) 2. Plg 3. A12(2) 4. A.Ql(].) 5. Mg(*l)

The elementary matrices corresponding to these row operations are

10 01 10 11 10
e e O e R L PR NS R

We have E5E4E3E2E1A = IQ, SO

I 1 01[0 1 1 0 1 =171 o0
A:E11E21E31E41E51:[—2 1“1 0“—2 1“0 1“0 —1}’

which is the desired expression since each E, lis an elementary matrix.

9. We reduce A to the identity matrix:

IS R R ) e B PR B P A
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1. P12 2. Ml(—].) 3. A12(—3) 4. M

2(3)

5.

The elementary matrices corresponding to these row operations are

B0 1

We have E5E4E3E2E1A = IQ, SO

s (24 2][3 )]

. . . . . -1 .
which is the desired expression since each I " is an elementary ma

10. We reduce A to the identity matrix:

4 -5 |11 4|21 4|31
1 4 4 -5 0 —-21 0

-1 0 1 0
- 10-7 E2_|: 01:|7 E3_|:31:|a E4_|:

trix.

1
0

= O

o T

1. Prp 2. Ajp(—4) 3. Ma(—5;)

The elementary matrices corresponding to these row operations are

0 1 10 1
e R R

We have E4E3E2E1A = 12, SO

T B (| 1 0][1 1 4
A_E1E2E3E4_[1 0H4 1“0 —21”01’
which is the desired expression since each F; !is an elementary matrix.
11. We reduce A to the identity matrix:
1 -1 0 1 -1 0 1 -1 0 1 -1 0
2 2 2(~]0 4 2[2]0 42|20 4 2
3 1 3 3 1 3 0 4 3 0 0 1
I -1 0} _ |1 -10 1 0 0
Slo 1 L (2lo 10010
0 0 1 0 0 1 0 0 1
1. A1p(—2) 2. Ag3(—3) 3. Agg(—1) 4. Ma(3) 5. Asa(—3) 6. Ax(1)
The elementary matrices corresponding to these row operations are
10 0] [ 1.0 0 1 0 0
Eiy=| -2 1 0], E;= 01 0f, E3=1]0 1 01,
0 0 1] | -3 0 1 0 -1 1
1 0 0] (1.0 0 110
Es=10 i 0, Es=1|01 —% , Eg=10 1 0
0 0 1| 10 0 1 0 0 1

(c)2017 Pearson Education. Inc.



183

We have E6E5E4E3E2E1A = 137 SO

A=F'E;'E; B ES RS

1 00 1 0 0 1 0 0 1 0 0 1 00 1 -1 0
=12 10 0 1 0 010 0 4 0 0 1 % 0 1 01,
0 0 1 3 01 0 1 1 0 0 1 0 0 1 0 01
which is the desired expression since each E; 1is an elementary matrix.
12. We reduce A to the identity matrix:
0 —4 -2 1 -1 3] 1 -1 3] [1 -1 3
1 -1 3|~| 0 -4 220 -4 —2]2]0 -4 -2
-2 2 2 -2 2 2] 0o 0 8 0 0 1
1 -1 3 1 -1 0] 1 -1 0 1 00
Slo 4020 40|20 1o0o|L]0o 10
0 01 0 0 1| 0 01 0 0 1

1. Py 2. A3(2) 3. Ms(g) 4. Asa(2) 5. Agi(—3) 6. Ma(—5) 7. Axi(1)

The elementary matrices corresponding to these row operations are

01 0 1 00 1 0 0 1 00
Ei=|10 0|, Ey=]|0101|, E3=|01 01|, Es=|01 2],
001 2 0 1 00 3 00 1
1 0 -3 1 00 1 10
Es=|01 0|, EBg=[0 -3 0|, Er=|0 10
00 1 0 0 1 0 0 1
We have E7E6E5E4E3E2E1A = 13, SO
A=FE'E;'E; ' B ES B B!
010 1 0 0 1 0 0 10 0 1 0 3 1 00 1 -1 0
=|1 00 01 0 01 0 01 —2 01 0 0 —4 0 0 10
0 0 1 -2 0 1 0 0 8 00 1 0 0 1 0 0 1 0 0 1

which is the desired expression since each F; 1'is an elementary matrix.

13. We reduce A to the identity matrix:

1 2 3 1 2 3 1 2 3 1 0 3
08 oflAlo1o0]l2]l0o 1 ofl2]lo 1 o
3 4 5 | 3 4 5 0 -2 —4 0 —2 —4
1 0 3 10 3 100
2101 ofl2lo1o0]|2]0o 10
0 0 —4 00 1 00 1
1. Ma(3) 2. Ai3(=3) 3. Aoi(—2) 4. Ag3(2) 5. Ms(—) 6. Aszi(—3)
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The elementary matrices corresponding to these row operations are

B, =

Ey =

O =

0

N = O S wl= O
S o —_ o

1

We have E6E5E4E3E2E1A = I3, SO

A=F'E;' BB ES RS

100 10
=10 8 0 0 1
0 0 1 3 0

which is the desired expression since each E, !is an elementary matrix.

[t

14. We reduce A to the identity matrix:

K

The elementary matrices corresponding to these row operations are

| o]

0 1
El:[1 0

15. We have

Hence, E1 = Aj5(3). Then Equation (2.7.3) reads L = E; " = App(—1) = [ -

(2.7.2):

16. We have

Then

-1
3

4

1
2

1 00
Ey = 01 0], E;=
-3 0 1|
1 0 0]
Es=|0 1 0|, Esg=
00 -1

3 2 1 3 3 1
-1 0 -7 0

O = O

S =N

1. P12

2. A1a(=2) 3. Ma(—3)

4. Ay (—3)

|

10 10
2i]omefo 4]oac]

Direct multiplication verifies that EyFE3FsFE1 A = Is.

3 —2]1{3 2]
-1 5 0o ¥

(c)2017 Pearson Education. Inc.
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1. Ajp(—2)
17. We have
31113 1 5 10
{5 zHo ;]—U:‘mﬂ—:a:‘“[g 1}
Then
1 0 3 1 31
w=[ V][5 1]=15 2]=4
2110 3 5 2
1. App(—3)
18. We have
3 -1 2 3 -1 2 3 -1 2
6 -1 14210 1 3[2]0 1 -3|=U= mo=2mz =—1,mg =A4.
-3 5 2 0 4 4 0 0 16
Hence,
1 00 10 0 3 -1 2 3 —1 2
L= 10 and LU = 2 1 0 0 1 -3|=| 6 -1 1|=4
1 4 1 1 4 1 0 0 16 -3 5 2
1. Ap(=2), A3(1) 2. Ags(—4)
19. We have
5 2 1 5 2 1 5 2 1
10 =2 3]1Alo 2 51210 2 5| =U= mo=—-2mz =3,mzs = —2.
5 2 -3 0 -4 —6 0 0 4
Hence,
1 0 0 1 00 5 2 1 5 2 1
L=| -2 10 and LU=| -2 1 0 02 5|=|-10 -2 3|=4
3 -2 1 3 -2 1 0 0 4 5 2 -3
1. A12(2), A13(—3) 2. A23(2)
20. We have
1 -1 2 3 1 -1 2 3 1 -1 2 3 1 -1 2 3
2 03 —-4]|1/0 2 -1 10|20 2 -1 -10)3]0 2 -1 —10
3 -1 7 8 0o 2 1 -1 0 0 2 9 0 0 2 9
1 3 4 5 0 4 2 2 0 0 4 22 0 0 0 4
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Hence,
mo1 =2, m3z1 =3, my1 = 1,mzz = 1,m42 = 2,my3 = 2.
Hence,
1 0 0 0 1 0 0 O 1 -1 2 3 1 -1 2 3
2 1 0 0 2 1 0 0 0o 2 -1 -10 2 0 3 —4
E=13 110 and LU=135 17 93 9llo 0o 2 9| |3 -1 7 8|4
1 2 2 1 1 2 2 1 0 0 0 4 1 3 4 5
21. We have
2 =3 1 2 2 -3 1 2 2 =3 1 2 2 =3 1 2
4 -1 1 1 1 0 5 —1 -3 2 0 5 — -3 3 0 5 -1 -3 U
-8 2 2 =5 0 —10 6 3 0 0 4 -3 0 0 4 =3 | 7
6 1 5 2 0 10 2 —4 0 0 4 2 0 0 0 5
1. Ajo(—2), A13(4), A14(—=3) 2. Ao3(2), Ags(—2) 3. Agy(—1)
Hence,
ma1 =2, mz1=-4, mau =3, m3=-2, My =2, nNu3z=
Hence,
1 0 0 O 1 0 0 O 2 -3 1 2 2 -3 1 2
2 1 0 0 2 1 0 0 0 5 —1 =3 4 -1 1 1
L=l _4 o 1 o|™LU=1 _4 5 1 ¢ 0 0 4 3|7 |-=8 22 -5
3 2 1 1 3 2 1 1 0 0 0 5 6 1 5 2
22. We have
1 211 2 1 0
|:23:|N|:0 _1:|U:>m212:>[/|:21:|.
1. Aja(—2)
We now solve the triangular systems Ly = b and Ux = y. From Ly = b, we obtain y = [ _3 ] Then
Ux =y yields x = { _1; }
23. We have
1 -3 5 1 -3 5 1 -3 5
3 2 2 'l‘ 0 11 -13 24 0 11 —-13 =U = mo1 = 3,m31 = 2,m32 =1.
2 5 2 0o 11 -8 0 0 5

1. A1p(=3), A13(—2) 2. Agy(—1)
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1 0 0
Hence, L= 3 1 0 |. We now solve the triangular systems Ly = b and Ux = y. From Ly = b, we
2 11
1 3
obtain y = 2 |. Then Ux =y yields x = | —1
_ -1
24. We have
2 2 1 2 2 1 2 2 1
6 3 -1 A0 -3 4|20 -3 —4|=U= mo=3,m3 =—2,m3g = 2.
-4 2 2 0o 0 —4 0 0 —4

1. Ap(=3), A3(2) 2. Asy(2)

1 0 0
Hence, L = 3 1 0 [. We now solve the triangular systems Ly = b and Ux = y. From Ly = b, we
-2 -2 1
1 ~1/12
obtainy = | —3 |. Then Ux =y yields x = 1/3
-2 1/2
25. We have
4 3 00 4 3 00 4 3 00 4 3 0 O
8 1 2 01110 =5 2 0120 =5 2 0130 =52 0]_ U
0 5 3 6 0 5 3 6 0 0 5 6 0o 05 6 |
0 0 =5 7 0o 0 -5 7 0 0 -5 7 0 0 0 13

1. Ap(=2) 2. Ags(1) 3. Agy(1)

The only nonzero multipliers are mo; = 2, m3s = —1, and my3 = —1. Hence, L = . We

_= =0 o
=N

1 0
2 1
0 1
0 0
2
now solve the triangular systems Ly = b and Ux = y. From Ly = b, we obtain y = { -1 ] . Then Ux =y

1
4
677/1300
. _ —9/325
yields x = —37/65
4/13
26. We have

2 1|12 —1] 1
|: :|N|:O 1 —U:>m21——4:>L—[_4

s

1. App(4)
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We now solve the triangular systems
Ly, = b;, Ux; =y

for i =1,2,3. We have

Ly =by =y = 131 . Then Uxy =y = x1 = 7_1411 ;
Lys = by = —:2:ThU— — _[ -85,
y2 = D2 Y2—_15_~ en UXg = Yy2 X2—__15 ;
Lys = b; — Y3 = 151 . Then Ux3 = Y3 — X3 = __1? .
27. We have .
-1 4 2 -1 4 2 -1 4 2
3 14|~ 013 10|2A] 0 13 10|=U.
5 =7 1 0 13 11 | 0 0 1
1. A12(3), A13(5) 2. Ags(—1)
Thus, mo; = —3, m31 = —5, and mss = 1. We now solve the triangular systems
Ly; = by, Ux; =y;
for i =1,2,3. We have _
1 —29/13
Lyiy=e;=y1=1| 3 |. Then Uxy; =y, = x; = | —17/13 |;
L 2 2 =
[0 18/13 ]
Lys =ey = yo = 1 |. Then Uxgs =ys = xo = | 11/13 |;
-1 -1
[0 ~14/13 ]
Lys=e3=y3=| 0 |. Then Ux3 =y3 = x3 = | —10/13
1 1

28. Observe that if P; is an elementary permutation matrix, then Pi_1 = P; = PT. Therefore, we have

Pl=(PP..P) =P P . PP =P, . P] . P = (PPy...P)T = PT.

29.

(a). Let A be an invertible upper triangular matrix with inverse B. Therefore, we have AB = I,,. Write
A = [a;;] and B = [b;;]. We will show that b;; = 0 for all ¢ > j, which shows that B is upper triangular. We

have
n
> airb; = bij.
k=1

Since A is upper triangular, a;; = 0 whenever ¢ > k. Therefore, we can reduce the above summation to

n
E a;pbij = 0.
k=i

Let ¢ = n. Then the above summation reduces to annbn; = ;. If j = n, we have appbp, = 1, so
anpn # 0. For j < mn, we have a,,b,; = 0, and therefore b,; = 0 for all j < n.
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Next let 2 = n — 1. Then we have
p—1m—-1bn—14 + an_1,nbnj = 6n—1,;.

Setting j = n—1 and using the fact that b,, ,_1 = 0 by the above calculation, we obtain a,,—1 ,-1bp—1,,-1 = 1,
SO Gp—1,n—1 7 0. For j <n —1, we have ap—1,n—1b,—1,; = 0 so that b,_1 ; = 0.

Next let i = n—2. Then we have a,—2,—2bn—2j +an—2n—1bn—1,j +an—2nbn; = 62 ;. Setting j =n—2
and using the fact that b,—1,-2 = 0 and b, ,,—2 = 0, we have a,_2 p_2b,_2n—2 =1, so that a,_2,_2 # 0.
For j <n — 2, we have a,_2 ,—2b,—2; = 0 so that b,_5 ; = 0.

Proceeding in this way, we eventually show that b;; = 0 for all i > j.

For an invertible lower triangular matrix A with inverse B, we can either modify the preceding argument,
or we can proceed more briefly as follows: Note that A7 is an invertible upper triangular matrix with inverse
BT. By the preceding argument, BT is upper triangular. Therefore, B is lower triangular, as required.

(b). Let A be an invertible unit upper triangular matrix with inverse B. Use the notations from (a). By
(a), we know that B is upper triangular. We simply must show that b;; = 0 for all j. From a,,bn, =1
(see proof of (a)), we see that if a,,, = 1, then b,, = 1. Moreover, from a,_1,-10p—1,n—1 = 1, the fact
that ap—1,—1 = 1 proves that b,_1,-1 = 1. Likewise, the fact that a,_2,_2b,_2,—2 = 1 implies that if
Gp—2pn—2 = 1, then b,_5 ,_» = 1. Continuing in this fashion, we prove that b;; = 1 for all j.

For the last part, if A is an invertible unit lower triangular matrix with inverse B, then AT is an invertible
unit upper triangular matrix with inverse BT, and by the preceding argument, B” is a unit upper triangular
matrix. This implies that B is a unit lower triangular matrix, as desired.

30.
(a). Since A is invertible, Corollary 2.6.13 implies that both Ly and U; are invertible. Since L1U; = LoUs,
we can left-multiply by L;l and right-multiply by Ufl to obtain L;lLl = UgUfl.

(b). By Problem 29, we know that Ly ' is a unit lower triangular matrix and U; ' is an upper triangular
matrix. Therefore, Ly 'L, is a unit lower triangular matrix and UsU 1 !is an upper triangular matrix. Since
these two matrices are equal, we must have L;lLl =1, and UgUf1 = I,,. Therefore, L1 = Lo and Uy = Us.

31. The system Ax = b can be written as QRx = b. If we can solve Qy = b for y and then solve Rx =y
for x, then QRx = b as desired. Multiplying Qy = b by QT and using the fact that Q7'Q = I,,, we obtain
y = QTb. Therefore, Rx = y can be replaced by Rx = Q”b. Therefore, to solve Ax = b, we first determine
y = QTb and then solve the upper triangular system Rx = QT'b by back-substitution.

Solutions to Section 2.8

True-False Review:

(a): FALSE. According to the given information, part (c) of the Invertible Matrix Theorem fails, while
part (e) holds. This is impossible.

(b): TRUE. This holds by the equivalence of parts (d) and (f) of the Invertible Matrix Theorem.

(c): FALSE. Part (d) of the Invertible Matrix Theorem fails according to the given information, and
therefore part (b) also fails. Hence, the equation Ax = b does not have a unique solution. But it is not
valid to conclude that the equation has infinitely many solutions; it could have no solutions. For instance, if

1 00 0
A=10 1 0 | and b= | 0 [, there are no solutions to Ax = b, although rank(A) = 2.
0 0 O 1

(d): FALSE. An easy counterexample is the matrix 0,,, which fails to be invertible even though it is upper
triangular. Since it fails to be invertible, it cannot e row-equivalent to I,,, by the Invertible Matrix Theorem.
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Problems:

1. Since A is an invertible matrix, the only solution to Ax = 0 is x = 0. However, if we assume that
AB = AC, then A(B — C) = 0. If x; denotes the ith column of B — C, then x; = 0 for each i. That is,
B —-C =0, or B=C, as required.

2. If rank(A) = n, then the augmented matrix A# for the system Ax = 0 can be reduced to REF such
that each column contains a pivot except for the right-most column of all-zeros. Solving the system by
back-substitution, we find that x = 0, as claimed.

3. Since Ax = 0 has only the trivial solution, REF(A) contains a pivot in every column. Therefore, the
linear system Ax = b can be solved by back-substitution for every b in R™. Therefore, Ax = b does have a
solution.
Now suppose there are two solutions y and z to the system Ax = b. That is, Ay = b and Az = b.
Subtracting, we find
Aly —z) =0,

and so by assumption, y —z = 0. That is, y = z. Therefore, there is only one solution to the linear system
Ax =b.

4. If A and B are each invertible matrices, then A and B can each be expressed as a product of elementary
matrices, say
A=FE5...E and B=FE\F)...E].

Then
AB = FE\E;>...ExE\FE) ... E],

so AB can be expressed as a product of elementary matrices. Thus, by the equivalence of (a) and (e) in the
Invertible Matrix Theorem, AB is invertible.

5. We are assuming that the equations Ax = 0 and Bx = 0 each have only the trivial solution x = 0. Now
consider the linear system
(AB)x = 0.

Viewing this equation as
A(Bx) =0,

we conclude that Bx = 0. Thus, x = 0. Hence, the linear equation (AB)x = 0 has only the trivial solution.

Solutions to Section 2.9

Problems:
-2 -1 —15 0 13 -1
4 -1 10 10 -6 —11
T _ _ _
1.4 B 2 5 5 —15 -3 20
6 0 0 5 6 -5
-3 0
T 2 2
2.¢"B=[-5 -6 3 1]| 7 S |=[6 -20]
0 1

3. Since A is not a square matrix, it is not possible to compute A2.

8§ —16 -8 —24}_{—3 2 1 o}

AA_ BT —
4. —4A-B 4 4 -20 0 0 2 -3 1

1 -18 -9 -—-24
4 2 17 -1
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5. We have
-3 0
-2 4 2 6 2 2 16 8
AB[—l —150} 1 -3 [6—17}
0 1
Moreover,
tr(AB) = —1.
6. We have
r_ [ 27 B 4 -52
(AC)(AC) _{ 26}[ 2 26}_[_52 676]
12 0 [ —24 48 24 72
-8 -8 -2 4 2 6 24 —24 —56 —48
7. (-4B)A= —4 12 {1 -1 5 O]_ -4 —-28 52 —24
0 —4 | 4 4 =20 0
8. Using Problem 5, we find that
1-1
1| 16 8 I S B VA
(AB) _[ 6 —17 | 320 -6 16 |°
9. We have
-5
—6
T P _— — =
cle=[-5 -6 3 1]| , [71],
1
and
tr(CTC) = 71.
10.
(a). We have
AB — 1 2 3 _i Z | 3a—5 2a-+4b
12 5 7 ab_7a—l45a+9b'

In order for this product to equal Iy, we require
3a—5=1, 2a+4b=0, 7a—14=0, bHa+9b=1.
We quickly solve this for the unique solution: @ = 2 and b = —1.

(b). We have

3 -1 1 1 2
BA=| —4 2 [ ; ? ? ] =10 2 2
2 -1 0 -1 -1

11. We compute the (i, j)-entry of each side of the equation. We will denote the entries of AT by aiTj, which

equals aj;. On the left side, note that the (i, j)-entry of (ABT)T is the same as the (j,i)-entry of ABT, and

n n n
(j,i)-entry of ABT = Z ajkbgi = Zajkbik = Z bikazj,
k=0 k=0 k=0
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and the latter expression is the (i,j)-entry of BAT. Therefore, the (i, j)-entries of (ABT)T and BAT are
the same, as required.

12.
(a). The (i, j)-entry of A? is

n
E Qi Q-
k=1

(b). Assume that A is symmetric. That means that AT = A. We claim that A? is symmetric. To see this,
note that

(AT = (AA)T = ATAT = A4 = A2
Thus, (42)T = A2, and so A? is symmetric.

13. We are assuming that A is skew-symmetric, so AT = —A. To show that BT AB is skew-symmetric, we
observe that

(BTAB)T = BTAT(BT)T = BT ATB = BT (—A)B = —(BTAB),
as required.

14. We have

so A is nilpotent.

15. We have
[0 0 1
A2=10 0 0
|00 0
and
00 17Jo0o 11 000
A3=A%A=10 0 0 00 1(=|000]/,
00 O0[[0O0O0 00 0
so A is nilpotent.
16. We have
—3e7 3 —2gec?ttant
A(t) = 6t2 —sint
6/t -5
17. We have
Tt t3/3 -7 1/3
/1B(t)dt_ 6t —t2/2 3t4/a+2 ||' | 1172 11/4
0 | t+t?/20 Zsin(xt/2) ||, | 3/2 2/7
et t—tt/4 e—1 3/4

18. Since A(t) is 3 x 2 and B(t) is 4 x 2, it is impossible to perform the indicated subtraction.
19. Since A(t) is 3 x 2 and B(t) is 4 x 2, it is impossible to perform the indicated subtraction.
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20. From the last equation, we see that x3 = 0. Substituting this into the middle equation, we find that
zo = 0.5. Finally, putting the values of x5 and z3 into the first equation, we find xr1 = —6 — 2.5 = —8.5.
Thus, there is a unique solution to the linear system, and the solution set is

{(—8.5,0.5,0)}.

21. To solve this system, we need to reduce the corresponding augmented matrix for the linear system to
row-echelon form. This gives us

5 —1 2 7 1 11 20 7 1 11 20 |7 1 11 20 7
2 6 9| 0|A] -2 6 9] 0|20 28 49|14 |20 1 7/4|1/2
-7 5 =3| -7 -7 5 =3|-7 0 82 13742 0 82 137 | 42
1 11 20 7 1 11 20 7
Alo o1 /4012 |20 1 74 1/2
0 0 -13/2| 1 0 0 1 |-2/13
From the last row, we conclude that x3 = —2/13, and using the middle row, we can solve for xo: we have
z2+£~(71—23) = %, SO Xy = % = %. Finally, from the first row we can get x;: we have x1+11-%+20-(7f—3) =
7, and so x1 = % So there is a unique solution:

21 10 2
137137 13) )~

1. Aoi(2) 2. A1a(2), Ai3(7) 3. Mp(1/28) 4. Agz(—82) 5. M3(—2/13)

22. To solve this system, we need to reduce the corresponding augmented matrix for the linear system to
row-echelon form. This gives us

12 —1]1 1 2 —1]1 1 2 —1] 1 12 —1] 1
10 1/5 |20 =2 2/42l0 1 <1220 1 -1|-2
4 4 012 0 —4 4|8 0 —4 4| 8 00 0] 0

From this row-echelon form, we see that z is a free variable. Set z = ¢t. Then from the middle row of the
matrix, y = ¢t — 2, and from the top row, x + 2(t —2) —¢t = 1 or x = —t + 5. So the solution set is

{(—t+5,t—2,t): t e R} = {(5,—2,0) +t(—1,1,1) : t € R}.

1. App(—1), Aiz(—4) 2. Ma(—1/2) 3. Ags(4)

23. To solve this system, we need to reduce the corresponding augmented matrix for the linear system to
row-echelon form. This gives us

1 -2 -1 3]0 1 -2 -1 3]0 1 -2 -1 3]0 1 -2 -1 3
2 4 5 —5[3|A]l0o o 3 13|20 o 3 1/3|2]0 0 1 1/3
3 -6 —6 8|2 0 0 -3 —1]2 0 0 0 0/5 0 0 0 0

The bottom row of this matrix shows that this system has no solutions.

(c)2017 Pearson Education. Inc.



194

1. A1a(2), Ais(—3) 2. Aos(1) 3. Ma(1/3), Ms(1/3)

24. To solve this system, we need to reduce the corresponding augmented matrix for the linear system to
row-echelon form. This gives us

3 0 -1 2 —1 1 1 3 1 -3 2| -1 1 3 1 -3 2| -1
1 3 1 -3 2| —1 1 3 0 -1 2 -1 1 2 | 0 -9 —4 11 -7 4
4 -2 -3 6 —1 5 4 -2 -3 6 —1 5 0 —-14 -7 18 -9 9
0 0 0 1 41 =2 0 0 0 1 41 =2 0 0 0 1 41 =2
1 3 1 -3 2| —1 1 3 1 -3 2| -1
3 | 0 =27 —12 33 —-21 12 [ 4| 0 =27 —12 33 21| 12
0 28 14 —-36 18 | —18 0 1 2 -3 -3|-6
0 0 0 1 4| -2 0 0 0 1 41 -2
1 3 1 -3 2| —1 1 3 1 -3 2 -1 1 3 1 -3 2| -1
5 0 1 2 -3 -3|-6 i3 0 1 2 -3 -3 —6 710 1 2 -3 -=-3| -6
0 —27 —12 33 —21| 12 0 0 42 —48 —102 | —150 001 -3 )%
0 0 0 1 4| =2 0 0 O 1 4 -2 0 0 O 1 41 =2
We see that x5 =t is the only free variable. Back substitution yields the remaining values:
x5 =1, x4=—4t—2 x—f4—17§t m—fgfﬁ x—fg+gt
5— 4 4 — ’ 3 — 7 7 ) 2 — 7 7 ) 1= 7 7 .

So the solution set is

2 16 2 33 41 15
Yy 2 2y 4 94) teR
{( bR T Ty Tt ) © }

16 33 15 2 2 41
(B ) (228 ) ).

1. Pro 2. Apa(=3), Ais(—4) 3. My(3), Ms(—2) 4. Ags(1) 5. Poy 6. Asy(27) 7. M;(1/42)

25. To solve this system, we need to reduce the corresponding augmented matrix for the linear system to
row-echelon form. This gives us

1111 -3]6 11 1 1 -3] 6 11 11 =316
1112 =5/8|1/l00 o 1 -2 22100 01 —2]|2
2314 917~ ]o1 -1 2 -3/ 5| 7]l0o1 -1 2 -3|5
2 2 2 3 -8|14 00 0 -1 2|-2 00 00 00
11 11 -3|6
5101 -1 2 —3|5
“lo o 01 —-2|2
00 00 00

From this row-echelon form, we see that x5 = ¢ and x3 = s are free variables. Furthermore, solving this
system by back-substitution, we see that

r5=1 x4=2t+2, x3=5, x9=5—t+1, x1=2t—25+3.
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So the solution set is

{(2t—2s+3,s —t+1,52t+2,¢):s,t € R} = {#(2,-1,0,2,1) + 5(—2,1,1,0,0) + (3,1,0,2,0) : 5,t € R}.

1. Alg(—].), Alg(—Q), A14(—2) 2. A24(].) 3. P23

26. To solve this system, we need to reduce the corresponding augmented matrix for the linear system to
row-echelon form. This gives us

1111 -3 24
—2 0 6-61 -2

1. A1p(2) 2. Ma(gls)

[1—321‘

1 2 | 1 =3 27
—2i 6 2 1

—2+2

From the last augmented matrix above, we see that x3 is a free variable. Let us set x3 = ¢, where ¢ is
a complex number. Then we can solve for zs using the equation corresponding to the second row of the
row-echelon form: x5 = f% + %(1 +4)t. Finally, using the first row of the row-echelon form, we can determine
that z; = %t(l — 3i). Therefore, the solution set for this linear system of equations is

{(%t(l — 3i), —% + é(l +i)t,t):t e Ch.

27. We reduce the corresponding linear system as follows:

1 k|6 |11 —k 6
2 3|k 0 342k |k—-12 |-

If k # —%, then each column of the row-reduced coefficient matrix will contain a pivot, and hence, the linear
system will have a unique solution. If, on the other hand, k = f%, then the system is inconsistent, because
the last row of the row-echelon form will have a pivot in the right-most column. Under no circumstances
will the linear system have infinitely many solutions.

28. First observe that if £ = 0, then the second equation requires that x3 = 2, and then the first equation
requires xo = 2. However, 1 is a free variable in this case, so there are infinitely many solutions.

Now suppose that & # 0. Then multiplying each row of the corresponding augmented matrix for the
linear system by 1/k yields a row-echelon form with pivots in the first two columns only. Therefore, the
third variable, x3, is free in this case. So once again, there are infinitely many solutions to the system.

We conclude that the system has infinitely many solutions for all values of k.

29. Since this linear system is homogeneous, it already has at least one solution: (0,0,0). Therefore, it only
remains to determine the values of k for which this will be the only solution. We reduce the corresponding
matrix as follows:

10 k& —1]0 10 k2 —k|o 1 1/2 —-1/2]0

E 1 —1]o| Al 10k 10 —10l0 2|10 10 =100

2 1 —1]0 1 1/2 —1/2]0 10 k2 k|0
P ~1/2 |07 Tt 12 —12f0] [1 12 —1/2]0
210 10-5k 5k—10]0 | 2] 0 1 1o 2o 1 -1 o
0 kK2—5k 4k |0 0 kK2—5k 4k |0 0 0 kK —k|oO
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1. My(k), M(10), Ms(1/2) 2. Pis 3. Apo(—10k), Ag(—10k) 4. My(1oter) 5. Ass(5k — k?)

Note that the steps above are not valid if £ = 0 or k = 2 (because Step 1 is not valid with & = 0 and Step
4 is not valid if k = 2). We will discuss those special cases individually in a moment. However if k # 0,2,
then the steps are valid, and we see from the last row of the last matrix that if k¥ = 1, we have infinitely
many solutions. Otherwise, if k& # 0, 1,2, then the matrix has full rank, and so there is a unique solution to
the linear system.

If kK = 2, then the last two rows of the original matrix are the same, and so the matrix of coefficients of
the linear system is not invertible. Therefore, the linear system must have infinitely many solutions.

If k = 0, we reduce the original linear system as follows:

10 0 =10 1 0 —1/10]0 1 0 —1/10]0 1 0 —1/10]0
01 —1lolA]o1 =1 ]ol2]lo1 =1 1]o|2lo1 =1 |o
2 1 —110 21 -1 |0 0 1 —4/510 00 1/5 |0

The last matrix has full rank, so there will be a unique solution in this case.

1. My(1/10) 2. Ai3(—2) 3. Ags(—1)

To summarize: The linear system has infinitely many solutions if and only if £k = 1 or £ = 2. Otherwise,
the system has a unique solution.

30. To solve this system, we need to reduce the corresponding augmented matrix for the linear system to
row-echelon form. This gives us

1 —k k2|0 1 —k kK |0 1 —k k2 o 1 —k k2 0
1 0 klo|A]lo k k—k2|0|2]0 1 -1 |1]|2]0o 1 -1 1
0 1 —1/1 0 1 =1 |1 0 k kE—K21]0 0 0 2k—k>|—k

1. Alg(—l) 2. P23 3. Agg(—k)

Now provided that 2k — k2 # 0, the system can be solved without free variables via back-substitution, and
therefore, there is a unique solution. Consider now what happens if 2k — k2 = 0. Then either k = 0 or k = 2.
If k = 0, then only the first two columns of the last augmented matrix above are pivoted, and we have a free
variable corresponding to x3. Therefore, there are infinitely many solutions in this case. On the other hand,
if & = 2, then the last row of the last matrix above reflects an inconsistency in the linear system, and there
are no solutions.

To summarize, the system has no solutions if k¥ = 2, a unique solution if k£ # 0 and k # 2, and infinitely
many solutions if k = 0.

31. No, there are no common points of intersection. A common point of intersection would be indicated by
a solution to the linear system consisting of the equations of the three planes. However, the corresponding
augmented matrix can be row-reduced as follows:

12 14 12 1| 4 12 1| 4
01 —1l1 Ao 1 =1 1201 =1 1
13 0/0 0 1 —1]|-4 00 0]-=5

The last row of this matrix shows that the linear system is inconsistent, and so there are no points common
to all three planes.
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1. Ai(—1) 2. Ags(—1)

32.
(a). We have

EHEE AR ARAY!

1. My(1/4) 2. Aip(2) 3. M(2/17)

(b). We have: rank(A) = 2, since the row-echelon form of A in (a) consists two nonzero rows.

(c). We have

4 711 011 17/41/40317/41/40317/41/40
-2 5|0 1 -2 5 0 1 0 17/211/2 1 0 1 |1/17 2/17
4110 5/34 —7/34
1| 1/17  2/17 |
1. My(1/4) 2. A19(2) 3. Ma(2/17) 4. Ay (—T7/4)
Thus,
5 i
Al = [ 314 _324 ]
17 17
33.
(a). We have

e )R TR

1. Ap(2) 2. My(1/2)

(b). We have: rank(A) = 1, since the row-echelon form of A in (a) has one nonzero row.

(c). Since rank(A) < 2, A is not invertible.

34.

(a). We have
3 —1 6 1 —1/3 2 1 -1/3 27 [1 —1/3 2 1 —1/3 2
0 23[~]lo0o 2 3210 2 3[2]0o 2 3[A]0 1 3/2].
3 =5 0 1 —5/3 0 0 —4/3 -2 0 0 0 0 0 0

1. My(1/3), My(1/3) 2. Asa(—1) 3. Ax(2/3) 4. My(1/2)
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(b). We have: rank(A) = 2, since the row-echelon form of A in (a) consists of two nonzero rows.

(¢). Since rank(A) < 3, A is not invertible.

35.
(a). We have
21 00 1 2 0 0 1 2 0 0 12 0 0
1200’}#210020—30030—300
0 0 3 4 00 3 4 0o 0 3 4 0 0 1 -1
0 0 4 3 0 0 4 3 0O 01 -1 0 0 3 4
12 0 0 1 2 0 0
i010050100
00 1 -1 00 1 —-11{"°
0 0 0 0 0 0 1

1. Pro 2. App(—2), Asa(—1) 3. Py 4. My(—1/3), Asa(—3) 5. My(1/7)

(b). We have: rank(A) = 4, since the row-echelon form of A in (a) consists of four nonzero rows.

(c). We have
21 0 01 0 0 O 12 0 0/{0 1 0 O 1 2 0 0]0 1 0 0
12000100212 100(100O0}2]0-30 01 -2 00
003 4/0 0 10 003 4/0 010 0O 03 4/0 0 1 0
0 04 3(0 001 0 04 3(00 01 0 01 —-1{0 0 -1 1
1 20 0/0 1 0 0] 120 0] 0 1 0 0
30 =30 01 -2 004010 0/-1/323 0 0
0 01 —-110 0 -1 1 001 -1 0 0 -1 1
0 0 3 410 0 10 | 0 0 O 7 0 0 4 -3
1 0 0 0| 2/3 -=1/3 0 0 10 0 0| 2/3 -1/3 0 0
51010 0/-1/3 2/3 0 0 60 10 0]-1/3 2/3 0 0
001 —-1| O 0 -1 1 001 0] O 0 =3/7 47
000 1| O 0 4/7 -=3/7 000 1] 0 0 4,71 =3/7

1. Pro 2. Apa(—2), Aga(—1) 3. Py 4. Agg(—3), Ma(=1/3) 5. My(1/7), As1(—2) 6. Ag(1)

Thus,

2/3 —1/3 0 0

ST N VE BTk 0 0

0 0 —3/7 47

0 0 47 =37
36.
(a). We have
3 0 0 1 0 o0 1 0 o0 1 0 o0 1 00 10
0 2 —1]/A]lo 2 =1 [2]0o 2 1|20 =1 2(2]0 -1 2|20 1
1 -1 2 1 -1 2 0 -1 2 0 2 -1 0 0 3 0 0
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1. My(1/3) 2. Ajs(—1) 3. Pys 4. Ap3(2) 5. Ma(—1), M3(1/3)

(b). We have: rank(A) = 3, since the row-echelon form of A in (a) has 3 nonzero rows.

(c). We have

3 0 0|10 0 1 0 0[1/3 00 1 0 0]1/3 00
0 2 -1/0 1 0|~|0 2 —-1]0 10|20 2 -1, 0 10
1 -1 2|0 0 1 1 -1 2|0 01 0 -1 2|-1/3 0 1
1 0 0] 1/3 00 1 00]1/3 00
2lo -1 2|-1/3 0 1|~A|0 -1 2|-1/3 0 1
0 2 —-1| 0 10 0 0 3[-2/3 1 2
10 ol1/3 0 0 10013 0 o0
2lo1 —2/1/3 0o -1]2|0 1 0|-1/9 2/3 1/3|.
00 1|-2/9 1/3 2/3 00 1]-2/9 1/3 2/3
1. My(1/3) 2. Ags(=1) 3. Pa3 4. Ass(2) 5. Ma(—1), M3(1/3) 6. Asa(2)
Hence,
1/3 0 0
At = —-1/9 2/3 1/3
—2/9 1/3 2/3
37.
(a). We have
2 -3 1 1 4 2 1427 [14 2 1 4 2
1 4 2|42 3120552005 5[40 11
0 5 3 0 5 3 05 3 00 -2 00 1

1. Pio 2. A1p(2) 3. Ags(—1) 4. My(1/5), M3(—1/2)

(b). We have: rank(A) = 3, since the row-echelon form of A in (a) consists of 3 nonzero rows.

(c). We have

—2 =3 1|1 0 0 1 4 2/0 1 0 14201 0
1 4 2(010|~]-2 -=31[100[2A]055[1 20
0 5 300 1 0 5 300 1 05 300 1

14 2/ 0 10 1420 1 0
2lo5s5 5/ 1 20|~Al0 1 1[1/5 25 0
00 —2|-1 -2 1 00 1/1/2 1 -1/2
1 0 —2|-4/5 =3/5 0 10 0] 1/5 7/5 -1
2lo1 1155 2/5 0 |R]0 1 0|-3/10 -3/5 1/2
00 1|12 1 -—1/2 00 1| 1/2 1 —1)2
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1. Pio 2. Ap(2) 3. Ass(—1) 4. Ma(1/5), Ms(=1/2) 5. Asy(—4) 6. Agy(2), Aga(—1)

Thus,
/5 7/5 -1
A7l =| =3/10 -3/5 1/2 |.
1/2 1 —1/2

38. We use the Gauss-Jordan method to find A~!:

1 -1 3|1 0 0 1 -1 3] 10 0 1 -1 3] 1 0 0
4 -3 13/010A]0 1 1l-4 10|20 1 1|-4 1 0
1 1 4|0 0 1 0 2 1|-1 0 1 0 0 —1| 7 -2 1
1 -1 3] 1.0 0 10 4/-3 1 o0 1 00|25 -7 4
210 1 1]-41 oflAlo1 1l-41 ol|2]0 10| 3 -1 1
0 0 1|-7 2 -1 00 1|-7 2 -1 00 1|-7 2 -1

1. Ap(—4), Aiz(—1) 2. Ass(=2) 3. My(—1) 4. Api(1) 5. Agi(—4), Aga(—1)

Thus,
25 —7 4
At = 3 -1 1
-7 2 -1
Now x; = A~ le; for each i. So
25 -7 4
x; = A"le; = 31, xo=A"tes=| -1 |, x3=Aleg= 1
-7 2 -1

39. We have x; = A~ 'b;, where

Therefore,

and

40.

(a). We have

(A'B)(B7'A) =AY (BB YWA=AT",A=A""A=1,
and

(B'A)(A™'B) =B YAAYB=B"'I,B=B"'B=1,.
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Therefore,
(B~'A)"'=A7'B.

(b). We have
(A'By ' =B"tA Y t=B14,

as required.

41(a). We have B* = (S71AS)(S71AS)(STLAS)(S71AS) = STLA(SS 1 A(SS 1 A(SS 1) AS = STTATATAIAS =
S—1A*S, as required.

41(b). We can prove this by induction on k. For k = 1, the result is B = S~!'AS, which was already
given. Now assume that B¥ = S71AFS. Then B**! = BBF = S=1AS(S~1A*S) = S~1A(SS™1)AFS =
STTATARS = S—1A*1S which completes the induction step.

42.
(a). We reduce A to the identity matrix:

EHEE

LMi(3) 20 A1(2) 3. My(2) 4. Ap(=1)

(G2 R

The elementary matrices corresponding to these row operations are

L9 10 1 0 j —
— 4 — — — 4
I R E Y A F I e g

We have E4E3FEsFE1 A = I, so that

1] e 4 0 10 1 0 1
N P IR S
(b). We can reduce A to upper triangular form by the following elementary row operation:

2
4 T4 7
-2 5 0o &

—

. . . . . 1. . .
which is the desired expression since F; ~ is an elementary matrix for each 1.

1. Ag(3)
Therefore we have the multiplier mq, = —%. Hence, setting
1 0 4 7
L= |: 1 :| and U = |: 17 :| ,
-5 1 0 5

we have the LU factorization A = LU, which can be easily verified by direct multiplication.

43.
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(a). We reduce A to the identity matrix:

SO F ™M

oo o

O~ O O

oo m <

— N O O

N — O O

oS oo~
S o —H O

o - O O

o O = O
o — O O

— O O O

=2

S O <flew=len

oS O —=H O
o — O O

— O O O
IS |

©?
1
O O Fleven

OO -
o — O O

— O O O
S —

0

The elementary matrices corresponding to these row operations are

|

—
SO O - S O v
,
oo~ O
oo~ O
N — OO
, o— oo
— O O O — O O O
L | I | 1
Il I
< 0
S Sy

oo o -
o o +H O

O Hn O O

— o O O

0

1

0
0 0 0

100 0]
210 0
0010
000 1]

0
0
0
1

0
0
1
—4

Ey

)

Es

01 0 0]
1000
0010
000 1]

S o O -

O O HNO

o - O O

— O O O

|

We have

Es

1,

EgE7EeFsEyEsEyEy A

so that

1E81E;1E§1

1E271E;1E471E57

1

A=F

S oo H

oo —H O

N - O O

— O O O

SO O

o O —H O

o Mmoo

— o O O

oo O -

oo —H O

o~ O O

— AN O O

S oo

o O —H O

— O O O

o~ O O

—
O O Flenr

SO —H O
o~ O O

— O O O
S

1

© O O,
I

o O —H O
o - O O

— O O O

o O O
oo —H H
o - O O

— o O O

[l il S
SO MmO
o - O O

— O O O

is an elementary matrix for each 7.

1

7

which is the desired expression since F;

(b). We can reduce A to upper triangular form by the following elementary row operations:

S O <f -l

S O MmO
— o O

N O O O

ol

SO <t M
S o Mm

— mao O
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L App(—3) 2. Asa(—3)

Therefore, the nonzero multipliers are ms = % and mgy = %. Hence, setting

1 0 0 0 21 0 0

L1 0 0 0 20 o0
— | 2 — 2
L=10 01 o0 and U=\ § 3 4|

00 3 1 000 -1

we have the LU factorization A = LU, which can be easily verified by direct multiplication.

44.
(a). We reduce A to the identity matrix:
3 0 0 1 -1 2 1 -1 2 1 -1 2 1 -1 2
02—1i02—1302—1301—%i01—§
1 -1 2 3 0 0 0 3 -6 0 3 -6 0 0 —3
1 -1 2 10 % 10 0 100
2lo 1 =t (&2lo1 =1 fLlo1 =120 1 o0].
0o 0 1 00 1 00 1 00 1
1. Pz 2. Aj3(—=3) 3. Ma(3) 4. Axs(—3) 5. Ms(—32)
6. Ay (1) 7. A31(—%) 8. Agg(%)
The elementary matrices corresponding to these row operations are
00 1 100 1 00 1 00
Et=10 1 0], Ey= 01 0, Es=|0 4 0|, E4=|0 10
100 -3 0 1 0 0 1 0 -3 1
10 0 110 1o -3 100
Es={01 0|, Bg=|0 10|, Ex=[01 0], Es=|01 2
00 -2 00 1 00 1 001
We have
EyE;FEeEsE E3ByFy A = I
so that
A=F'E;'E; B ES VB B ES Y
00 1]t oo0][1To0ooO0][1 00O
=10 10 010 020 01 0]
1 00][301]]001[][0 31
10 ol[1 -1 0710 2 10 0
10 1 0 0 10 010 01 -1,
00 =3[0 01|00 1 00 1

which is the desired expression since F, !'is an elementary matrix for each 1.

(b). We can reduce A to upper triangular form by the following elementary row operations:

3 0 0 3 0 0 30 0
0 2 —1|A~]o 2 —1|2]0 2 -1
1 -1 2 0 -1 2 00 3
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1. Aiz(—3) 2. Ags(3)
Therefore, the nonzero multipliers are mq3 = % and meo3 = f%. Hence, setting
1 0 0 30 0
L=1]20 1 0 and U=|0 2 -1 |,
1 1 3
3 —3 1 00 3

we have the LU factorization A = LU, which can be verified by direct multiplication.
45.
(a). We reduce A to the identity matrix:

-2 -3 1 1 4 2 1 4 2 1 4 2 1 4 2
1 4 2|A] 2 3112105 5(|2]05 5201 =8
0 5 3 0 5 3| | 0 5 -3 |01 -8 05 5
14 2 1 4 27 (1 0 34 ] (1 0 34 1 0 0
S2lo1 8|2lo1 8|L]o1 s|[2]o1 o0 |2|0o10
0 0 45 00 1| 00 1 0 0 1 00 1
1. P12 2. A12(2) 3. A23(—1) 4. P23 5. A23(—5)
6. Ms(55) 7. Asi(—4) 8. Axn(8) 9. Asi(—34)
The elementary matrices corresponding to these row operations are
01 0 100 1 0 0]
Eit=|10 0|, Ey=|2 10|, E3=|0 1 0,
0 0 1 00 1 0 -1 1|
1 0 0 1 00 1 0 0
Ei=1|0 0 1|, Es=|0 1 0], E=|01 0|,
010 0 -5 1 00 4+
1 -4 0 1 00 1 0 —34
Er=]10 1 0|, Eg=|01 8|, Ey=|0 1 0
0 0 1 00 1 0 0 1
We have
EgEsF7EgEsFEyEsFsF A = Iy
so that
A=FE'E;'E; ' B ES B B ES TR
01 0] 100 1 00 100
=110 0 -2 1 0 010 0 0 1
00 1] 0 0 1 01 1 01 0
(1 0 0 10 0 1 4 0 1 0 0 1 0 34
010 01 0 01 0 0 1 -8 01 0 |,
|0 5 1 0 0 45 0 0 1 00 1 00 1
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which is the desired expression since F; 1is an elementary matrix for each i.

(b). We can reduce A to upper triangular form by the following elementary row operations:

-2 =3 1 -2 -3 1 -2 -3 1
1 42|~ 0 3 3|%| 0o 3 3
0 5 3 0 5 3 0o 0 -2
Therefore, the nonzero multipliers are ms = —% and mo3 = 2. Hence, setting
1 00 -2 =3 1
L=| -3 10 and U=| 0 3 31|,
0 2 1 0o 0 -2

we have the LU factorization A = LU, which can be verified by direct multiplication.
46(a). Using the distributive laws of matrix multiplication, first note that
(A+2B)* = (A+2B)(A+2B) = A(A+2B)+2B(A+2B) = A>+A(2B)+(2B)A+(2B)* = A>42AB+2BA+4B.
Thus, we have
(A+2B)* = (A+2B)(A+2B)?

= A(A+2B)* +2B(A+2B)?

= A(A? + 2AB + 2BA + 4B?%) + 2B(A? + 2AB + 2BA + 4B?)

= A3+ 2A°B + 2ABA + 4AB* + 2BA* + ABAB +4B*A + 8B%,

as needed.
46(b). Each occurrence of B in the answer to part (a) must now be accompanied by a minus sign. Therefore,
all terms containing an odd number of Bs will experience a sign change. The answer is

(A—2B)* = A® —2A’B — 2ABA — 2BA? + 4AB* + ABAB + 4B*A — 8B>.

47.The answer is 2, because each term in the expansion of (A + B)* consists of a string of k& matrices,
each of which is either A or B (2 possibilities for each matrix in the string). Multiplying the possibilities
for each position in the string of length k, we get 2% different strings, and hence 2* different terms in
the expansion of (A 4+ B)*. So, for instance, if k¥ = 4, we expect 16 terms, corresponding to the 16 strings
AAAA, AAAB, AABA, ABAA, BAAA, AABB, ABAB, ABBA, BAAB, BABA, BBAA, ABBB, BABB,
BBAB, BBBA, and BBBB. Indeed, one can verify that the expansion of (4 + B)* is precisely the sum of
the 16 terms we just wrote down.

48. We claim that

To see this, simply note that

)
. |
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49. For a 2 x 4 matrix, the leading ones can occur in 6 different positions:

1 % x x 1 *x x x 1 *x x x [0 1 x = 0 1 x =x 0 0 1 =«
01 = x|’l0 0 1 |0 0 0 1 ’_0 01 «=|’l0 0 O 1|0 0 0 1
For a 3 x 4 matrix, the leading ones can occur in 4 different positions:
1 *x * 1 *x % x (1 % * x 0 1 % x
0 1 = ,00 1 % x|[,]0 0 1 x|[,]0 0 1 x
0 0 1 =% 0 0 0 1 L0 0 0 1 0 0 0 1
For a 4 x 6 matrix, the leading ones can occur in 15 different positions:
F1 % % % % x| [ 1 % % % % x| [1 % % % % ] [1 % % x % x|
0 1 x * % x 0 1 x *x x x 0 1 % *x % x 0 1 x * % x
0 01 «x % %« |10 0 1 *« x =[]0 01 % *x =[]0 0 0 1 % x|’
10001 % ] [00O0O01x| [00O0O0O01f [0O0O0O01 %
[ 1 % % % % x| [ 1 % % % % x| [1 % % % % x| [1 % % x % x|
0 1 % % % * 0 1 % x *x % 0 0 1 % *x =x 0 0 1 =x % =%
0001 = = |0 O0O0O0OT1«=|("f0O0O0OT1T x = |710O0O0T1T % x|’
000001 [00O0CO0OO0T1] [00O0O0T1T=xx| [0O0O0O0O01]
1 % % % s =] [ 1 % % * % =] [0 1 % * % =] [0 1 % % % x|
0 0 1 =x % =% 0 0 0 1 % = 0 0 1 % *x =x 0 0 1 =* % =%
00001 «=|(’f00O0O0O0O0OT1T«=|(f0OO0O0T1T x = |71000O0T1T % x|’
000001 ] [00O0O0OO0OT1T] [00O0O0T1Txx| [0O0O0O0O01,]
0 1 % % x x 0 1 % % x =« 0 0 1 % =% =
0 0 1 % *x =x 0 0 0 1 % = 0 0 0 1 % =
00 0O0OT1=x|"]0O0O0O0OT1Tx{{’l0O0O0O0 1 x
00 0 0 0 1 0O 00 0 01 00 0 0 01

For an m x n matrix with m < n, the answer is the binomial coefficient

o= () = sy

This represents n “choose” m, which is the number of ways to choose m columns from the n columns of the
matrix in which to put the leading ones. This choice then determines the structure of the matrix.

50. We claim that the inverse of A'° is B®. To prove this, use the fact that A2B = I to observe that
ABS = A?A?A?A*(A’B)BBBB = A’A?A?A’IBBBB = A?A%>A*(A*B)BBB
= A2A?A’IBBB = A’A?(A’B)BB = A?A’IBB = A?(A’B)B = A’IB = A’B =1,
as required.

51. We claim that the inverse of A? is BS. To prove this, use the fact that A>B? = I to observe that
A°B® = A3A3(A3B?)B?B? = A3A’IB?B? = A3(A®B?*)B? = A’IB? = A3B* = I,

as required.
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